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NATURALITY OF HEEGAARD FLOER INVARIANTS 
UNDER POSITIVE RATIONAL CONTACT SURGERY 

THOMAS E. MARK AND BULENT TOSUN 


Abstract. For a nullhomologous Legendrian knot in a closed contact 3- 
manifold Y we consider a contact structure obtained by contact surgery 
with any rational surgery coefficient at least 1. We prove that in this sit¬ 
uation the Heegaard Floer contact invariant of Y is mapped by a surgery 
cobordism to the contact invariant of the result of contact surgery. In 
addition we characterize the spin“ structure on the cobordism that in¬ 
duces the relevant map. As a consequence we determine necessary and 
sufficient conditions for the nonvanishing of the contact invariant after 
rational surgery when Y is the standard 3-sphere, generalizing previ¬ 
ous results of Lisca-Stipsicz and Golla. In fact our methods allow di¬ 
rect calculation of the contact invariant in terms of the rational surgery 
mapping cone of Ozsvath and Szabo. The proof involves a construction 
called reducible open book surgery, which reduces in special cases to the 
capping-off construction studied by Baldwin. 


1. Introduction 

One of the fundamental outstanding problems in 3-dimensional contact 
topology is the determination of which (closed, oriented) 3-manifolds admit 
tight contact structures. The question has been resolved in many cases, 
e.g., by work of Eliashberg-Thurston [7] and Gabai uni, any 3-manifold 
with nontrivial second homology admits a tight contact structure. Lisca 
and Stipsicz m determined exactly which Seifert 3-manifolds have tight 
contact structures. However, the situation for hyperbolic rational homology 
spheres is still largely open. 

Any closed oriented 3-manifold admits contact structures, and any contact 
structure ^ can be described by contact surgery on a Legendrian link in 
[1]. If such a description for ^ can be obtained for which all contact 
surgery coefficients are negative, then ^ is Stein tillable and hence tight. It 
is therefore natural to consider the extent to which contact surgery with 
positive coefficients results in tight contact structures; it is this question 
that motivates this paper. 

As a proxy for tightness of a contact structure we consider the nonvanish¬ 
ing of the Heegaard Floer contact invariant c(^), which is a strictly stronger 
condition. Our main result is a naturality property for this invariant under 
contact surgery with rational coefficient at least 1, generalizing a well-known 
result in the case of contact -1-1 surgery [18]. To state it, we recall a bit of 
the formal structure of Heegaard Floer invariants. 
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For a closed oriented 3-manifold Y, the Heegaard Floer homology of Y is 
an abelian group that is the homology of a finitely-generated chain complex 
CF(Y) of free abelian groups. Forming the tensor product with the field F = 
Z/2Z we get a chain complex of F-vector spaces whose homology is the Hee¬ 
gaard Floer homology HF(Y) = HFiY ; F) with coefficients in F, which will 
be our exclusive concern. There is always a decomposition of HFiY) as a 
direct sum of Heegaard Floer groups HFiY, t) associated to spin‘s structures 
t on Y. Moreover, for a connected sum of 3-manifolds, we have a Kiinneth 
decomposition ^ HFiY',\!) ® HFiJ",M'). To any co- 

bordism W : Y^ ^ Y 2 between closed oriented 3-manifolds, i.e., a compact 
oriented 4-manifold with boundary dW = —Yi u Y 2 , equipped with a spin'^ 
structure s, is associated a homomorphism ^ HFiYi, ii) HFiY 2 ,i 2 ) 
where tj = s|y^. 

If ^ is a contact structure on Y, the Heegaard Floer contact invariant of 
^ is an element c(^) e HF{—Y,t^), where —Y is Y equipped with the other 
orientation and is the spin'^ structure associated to the contact structure 
It is a basic result of Ozsvath and Szabo, to whom the theory of Heegaard 
Floer homology and the construction of c(^) is due, that c(^) = 0 if ^ is 
overtwisted m- 

Now suppose iF y is an oriented nullhomologous knot and fix a Seifert 
surface S for K. For an integer n, there is a cobordism from Y to the 
result Yn{K) of n-framed surgery along K, consisting of a single 2-handle 
attached with framing n. More generally let p/q be a rational number with 
p, q relatively prime and q > 0, and write p = mq—r for integers m and r with 
0 ^ r < q. Then there is a “rational surgery cobordism” W : Y^—L{q,r) —> 
Ypiq{K), where we use contact geometry conventions to write L{q, r) for the 
lens space obtained by —q/r surgery on the unknot in S^. Indeed, we form 
Y^—L{q,r) by performing q/r surgery on a meridian of iF c y, and then 
W is given by attaching a 2-handle along the image of K after this surgery 
with an appropriate choice of framing (in terms of a Kirby picture, one would 
call it framing m). Observe that H 2 iW,Y//—L[q,r)-,'L) = Z, generated by 
the homology class of the core of the 2-handle which we write as [T]. We 
orient the core F such that the induced orientation on K is opposite to that 
induced by the Seifert surface S. We also have 

H2(iy;Z)/4F2(H#-L(g,r);Z) -Z, 

generated by a class [5] 6 H 2 {W]'L) whose sign is fixed by the requirement 
that [S'] 1 -^ g[y] under inclusion. There is some ambiguity in the character¬ 
ization of [S] by these conditions if H 2 iY ; Z) ^ 0; one can specify the class 
[S] uniquely by using the Seifert surface S to construct a surface closing 
off—in y #—L{q, r) — q parallel copies of the core F, but for the statement 
and applications of our theorem we will not need this. 

Equip y with a contact structure and assume /C is a Legendrian repre¬ 
sentative of the smooth knot K. We have two “classical invariants” of /C, the 
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Thurston-Bennequin number tb(/C) and the rotation number rot(/C), where 
the latter depends on the orientation of K and in general on the choice of S. 
The dependence on S is eliminated if we suppose that the Euler class of 
or equivalently the first Chern class of is torsion. For a rational number 
x/y ^ 0, there is a notion of contact x/y-surgery along K. (depending, in gen¬ 
eral, on some additional choices), which provides a contact structure on 
the 3-manifold obtained by surgery on K with coefficient p/q = tb(/C) + xly. 
Note that q = y and p = x + y tb(/C). 

Recall that the contact invariant c{^) e HF{—Y) satisfies a certain nat- 
urality property under contact -1-1 surgeries, in the sense that if VE : E —> 
y(b(A:)+i(-^) is the surgery cobordism then there exists a spin'^ structure 5 on 

—W such that the induced homomorphism HF{—Y) —>■ HF{—Y^^J(^•J_^_l{K)) 
carries c(^) to c(^+i). Our first main result generalizes this property to any 
rational contact surgery with coefficient at least 1. 


Theorem 1.1. Let 1C he an oriented nullhomologous Legendrian knot in 
a contact 3-manifold (E, 0; let 1 ^ ^ e Q be a contact surgery co¬ 
efficient corresponding to smooth surgery coefficient 2 = tb{lC) + Let 
W : Yff—L{q,r) Ypiq{K) be the corresponding rational surgery cobord¬ 
ism, where p = mq — r as above, and let be the contact structure on 
Yp/q{K) obtained by contact | surgery on K, in which all stabilizations are 
chosen to he negative. 

(1) There exists a spin^ structure 5 on W and a generator c e HF{L{q, r)) 
such that the homomorphism 

F_w,b : HF{-Y#L{q,r)) ^ HF{-Yp/q{K)) 
induced by W with its orientation reversed satisfies 
F_w,b{c{C)^c) = c(Q^). 

(2) Assume also that and have torsion first Chern class. Then 5 
has the property that 

±<ci(s), [S]) = p-\- {rot{IC) - tb{IC))q - 1 


Note that part (2) of the theorem characterizes the spin^ structure s 
uniquely up to conjugation under the given hypotheses. A version of this 
theorem for positive integer contact surgeries is implicit in [20]. 

A couple of remarks are in order about the class c e HF[L[q,r)). First, 
this class depends only on q and r, not on E, K, or Second, though c is 
homogeneous with respect to the decomposition of HF{L{q,r)) along spin'^ 
structures, it is not, as might be supposed, always the contact invariant 
of a contact structure on —L{q,r). It may more naturally be interpreted 
as an invariant associated to a certain transverse knot in the latter mani¬ 
fold (the knot Og/j. of Section 5.3), though we neither need nor pursue this 
interpretation. For our purposes here, it suffices to observe that for each 
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spin'^ structure t on L{q,r), we have HF{L{q,r),t) = F and therefore the 
generator c is specified uniquely by its associated spin‘s structure. 

Theorem |1.1| is proved by use of a construction we call “reducible open 
book surgery”, which can be seen as a generalization of the operation on 
open book decompositions known as “capping off” a boundary component. 
From this point of view the theorem above follows from a generalization of a 
theorem of Baldwin on the behavior of the contact invariant under capping 
off 1^. Our generalization is given as Theorem 2.3 below. 

We now specialize to Legendrian knots in the standard contact 3-sphere. 
Theorem o allows us to determine exactly when a contact surgery (with 
rational surgery coefficient at least 1) yields a contact structure with non¬ 
vanishing Heegaard Floer invariant. The answer depends on certain other 
Heegaard-Floer-theoretic invariants for the knot K S^, viz.: 


• The integer t{K) discovered by Ozsvath and Szabo [21] and by Ras¬ 
mussen m, which satisfies t{—K) = —t{K). (Here —K is the 
mirror of K. Note that t{K) is independent of the orientation of 
K.) It was proved by Plamenevskaya m that in the standard con¬ 
tact structure, if JC is an oriented Legendrian knot isotopic to K 
then 


tb(/C) -I- |rot(/C)| ^ 2t{K) — 1. 

• The concordance invariant e{K) e { — 1,0,1} introduced by Horn |14j . 
It was shown in [TH that if K is slice then eiK) = 0, and if eiK) = 0 
then t{K) = 0. 


Theorem 1.2. Let K, he an oriented Legendrian knot in and 1 ^ | e Q. 
Write {Yxiy,^~^y) for the contact manifold obtained by contact ^-surgery 
on K, in which all stabilizations are chosen to he negative. Let c{^~^y) e 
HF[—Yxly) he the Ozsvdth-Szabo contact invariant of ond write K 
for the smooth knot type underlying JC. Finally, | | -I- tb{JC) be the 

corresponding smooth surgery coefficient. 

(1) If tb{lC) - rot{lC) < 2 t{K) - 1, then c(^~^y) = 0. 

(2) Suppose tb{]C) — rot{]C) = 2t{K) — I. 

(a) If e{K) = I, then c{^~^y) Y 0 if and only if ^ > 2t{K) - 1. 

(b) If e{K) = 0, then c{^f:^y) Y 0 if and only if ^ > 2 t{K). 

(c) Ife{K) = -1, then c{^~^y) = 0. 


Note that if c(^t) = 0 some r ^ 1, we also find that the contact 
invariant of vanishes for all 0 < s < r. Indeed, for such s the result of 
contact r-surgery is obtained from the contact s-surgery by a sequence of 
Legendrian surgeries, which preserve nonvanishing of the contact invariant. 
In this way we get partial information regarding positive contact surgery 
with coefficient between 0 and 1. It’s also clear from the above that if we 
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are to have 7 ^ 0, we must orient K such that rot(/C) ^ 0. (Alter¬ 

natively, one can consider obtained by all-positive stabilizations.) The 
construction of is reviewed in Section 3 below. 

_ n 

A result analogous to Theorem 1.2 for the case of integer surgeries was 
obtained by Golla [ 12 ]; note that in the integer case, the distinction between 
cases 2(a) and 2(b) of the theorem does not arise. In light of Golla’s results, 
the new information contained in Theorem 1.2 lies just in the interval | e 
{2t{K) — l,2r(Ar)). Golla also obtains some partial results for rational 
surgeries as m Proposition 6.18], which shows that in case 2(a) of Theorem 
the condition - > 2t{K) — 1 suffices to give the existence of some 


1.2 


tight structure on Y^^y. Our methods treat integer and rational surgeries 
simultaneously, and give information specific to the contact structure Cx/y- 


Our techniques also allow specification of the class c(£^^^) more precisely 
than in Theorem |1.2[ thanks to the second part of Theorem [Tt} To un¬ 
derstand this, we briefly recall a method due to Ozsvath and Szabo for 
calculating the Heegaard Floer homology of the result of rational surgery 
along K ^ S^. 

Given K S^, Ozsvath and Szabo define a filtration of the chain com¬ 
plex B := CF{S^) and, with some additional machinery, produce a chain 
complex denoted CFK^{K). From this complex one obtains a sequence of 
subquotient complexes Ag = As{K), s e Z, with certain properties: 


• For |s| » 0, we have Ag ^ B, where denotes chain homotopy 
equivalence. 

• For any n ^ 2g{K) — 1 and |s| ^ there is an isomorphism 


Ag^CF{Sl[K)Ag), 


where is the spin*^ structure on S^{K) obtained as follows. Let 
Wn ■ —>■ S^{K) be the surgery cobordism and e spin'^(iyn) the 

spin'^ structure characterized by 


< 01 ( 5 ^), [5]> + n = 2s 

where [S'] is obtained from a Seifert surface capped off in Wn as 
before. Then L = Ss|53(/f). 

• For each s there are chain maps Vs,hg : Ag ^ B. If Vg^ and hg^ are 
the corresponding maps in homology, we have that for s » 0, Vg^ is 
an isomorphism while hg^ is trivial, and likewise P-s* is trivial while 
h-g^ is an isomorphism. 

Now suppose 2 6 Q is a rational number, with g > 0 as before. Define a 
chain complex Xp/q(iL) as follows. First let 


•^p/g “ ^[-j) ^p/q — @{k,B). 

keZ ksZ 
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Define a chain map —> Bp/g by Dp^q{k,x) = {k,v{x)) + {k + 

p,h{x)). Here and to follow, we omit the snbscript on the maps v and h 
whenever their domain is clear from context. 

Finally, let Xp/g(iF) be the mapping cone of Dp/q- This mapping cone 
gives the Floer homology of the resnlt of p/q surgery along AT, and also 
determines the maps induced by the surgery cobordism, according to the 
following. 

Theorem 1.3. For any knot K ^ and any rational number ^ e Q, we 
have: 

1. (Ozsvdth-Szabo [29jJ There is a chain homotopy equivalence : 
Xp/q{K) CF{S^i^{K)), in particular the homology of 'Kp/q{K) 
is isomorphic to F[F{S^^^{K)). 

2. Let Wp/q : S‘^ff—L{q,r) S^i^{K) be the rational surgery cobord¬ 
ism, where p = mq — r, and let s e spin^{Wpiq). Write [5] for 
the generator of H 2 iWpiq)/H 2 {—L[q,r)) as above. Then the map in 
Floer homology induced by s corresponds via $ to the inclusion of 
{k,B) in Xp/q{K), where k is determined by 

(1) (ci{5),[S]) + p + q-l = 2k. 


For the case of integer surgeries, the analog of the second claim is spelled 
out in |28j . The version for rational surgeries is more complicated but essen¬ 
tially similar, however it (particularly formula Q) does not seem to appear 
in the literature. We give a proof of the second part of the theorem in 
Section]^ (Corollary 5.9). 

Comparing the second parts of Theorems 1.1 and |1.3[ bearing in mind 


that the necessary orientation reversal is equivalent to replacing K hy —K 
and p by —p in Theorem 1.3, gives the following. 


Corollary 1.4. Let K be a knot with Legendrian representative 1C, 

fix 1 ^ ^ e Q, and let 2 = tb{JC) |. Then the contact invariant 6 

HF[—S^I^[K)) is equal (up to conjugation) to the image in homology of the 
map given by the inclusion 


{k,B)^X_p/q{-K), 

where k satisfies 

2k = {rot{JC) — tb{IC) l)g — 2. 

This corollary is the essential step in the proof of Theorem |1.2[ Note also 
that it gives a direct description of the contact invariant in terms of 

the mapping cone formula for Floer homology. 

We now give a concrete example of the application of the Corollary to 
calculation of a contact invariant. The example illustrates the “typical” 
situation in which one obtains a nonvanishing invariant. 
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Let K be the (1, 2) cable of the right-handed trefoil knot. This knot has 
t{K) = g{K) = 2, and admits a Legendrian representative 1C with tb(/C) = 2 
and rot(/C) = —1 (see jS]). In particular we have r(/C) — rot(/C) = 2t{K) — 1, 
and hence we expect to find nonvanishing contact invariant for all 

I with corresponding smooth surgery coefficient satisfying | -|- tb(/C) > 
2t{K) — 1 = 3. Let us choose | = |, corresponding to smooth surgery 
with coefficient X. According to Corollary 


1.4 


the contact invariant 
is given by the image in homology of the inclusion of {k,B) in the mapping 
cone, where for our data k = —3. 

The knot Floer complex for K was determined by Hedden m Proposition 
3.2.2]. For the experts, the results can be summarized diagrammatically and 
without explanation as in Figure 


/I 


T ▼ 

Figure 1. CFK^{S^,K) (left) and CFK^{S^,-K) (right) 


For our purposes, it more than suffices to know the following, where Ag 
refers to the subquotient complex obtained from the complex for the mirror 
knot —K: 

r F jsj ^ 2 

if*(As) ^ |s| = 1 Vs* and h-s* are 

F^ s = 0 


0 if s ^ -2 
onto if s ^ —1 


A portion of the cone X_ 7 / 2 (~A') can then be described as follows: 


(-4,A_2) (-3,A_2) (-2,A_i) ••• (3,Ai) ( 4 ,^ 2 ) ( 5 ,^ 2 ) 



Since the homology of {—3,B) does not interact with the map induced on 
homology by L^_ 7/2 h clearly survives to the homology of X_ 7 / 2 (—AT), which 
proves the nonvanishing of A couple of other remarks: 
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• By computing the homology of we can see that the class 

'^(^ 3 / 2 ) generator of HF{—{Sy 2 {^))'j^) = general the 

technique allows explicit description of the contact invariant as an 
element of its corresponding Floer group, via the mapping cone as 
above (at least, modulo automorphisms). 

• Varying the numerator of the surgery parameter x/y, or equivalently 

p/q, has the effect of adjusting the source of the arrow labeled as /i* 
in the diagram above. In particular the reader can check that the 
homology generator of vanishes in for any 

p < 7, and survives whenever p ^ 7, the transition corresponding 
to the (non) vanishing of the relevant map /i* (of course, Corollary 

applies only for surgery coefficients p/q ^ 3 here). Similarly, if 
a Legendrian representative for K is chosen with a smaller value of 
tb — rot, we are led to consider the inclusion of {k, B) for k > —3. 
The homology generator of this group is in the image of a u* and 
hence vanishes. 

• For this choice of iF, the surgery manifold is a Seifert fibered 

space. In particular, it was known previously by work of Lisca- 
Stipsicz to admit a tight contact structure (likewise, Golla’s results 
apply to show such a structure exists). However by our method we 
obtain an explicit, relatively simple surgery description for such a 
structure. 


1.4 


Abstracting the key points of the example gives the proof of Theorem 


1.2 


Proof of Theorem m We have seen that the contact class c{f^^iy) is the 
image of the generator of H^{B) = F when included in the mapping cone 
X_p/q{—K) as (fc, B), where k = —^(tb(/C) — rot(/C) + \)q + q — 1. Observe 
that = — |(tb(/C) — rot(/C) + 1), while = — |(tb(/C) — rot(/C) + 1) + 

1 + To see when the generator of H*(H) survives in H*(X_p/g(—AT)), 

we consider the components of D_p/q interacting with {k,B). The relevant 
portion of the mapping cone appears as: 

(fc, A|^fcj) {k+p,A 

Y fe+P J) 



We have drawn this figure under the assumption that ^ > 0, but the argu¬ 
ments are insensitive to this condition. 

Recall that the knot invariant v{K) is defined to be the smallest value 
of s such that Vg '■ Ag ^ B \s surjective in homology. It is known that 
in fact Vg^t: is surjective for all s ^ ^{K)) and vanishes for s < I'iK). By 
symmetries of the knot complex the map is surjective if and only if 
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is surjective, and therefore hs^e is trivial if and only if s > —v{K). Since we 
are considering the mapping cone for the mirror image —K, we find that 
is trivial in homology if and only if — 2 (tb(/C) — rot(/C) + 1) < v{—K). 
Now, it is also known that u{—K) equals either —t{K) or —t{K) + 1. On 
the other hand, by Plamenevskaya’s result we always have the inequality 
— ^(tb(/C) — rot(/C) + 1) ^ —t{K). We conclude that is trivial in 

homology if and only if both = —r(iir) +1 and ^(tb(/C)—rot(/C) + l) = 

t{K). Note that the first of these conditions is equivalent to e{K) = 1, 
and therefore the assumptions in 2(a) of the theorem are equivalent to the 
condition that (equivalently vanishes in homology: under those 

assumptions, we get 

{k, {k + p, 



Turning to ^[(fc+p)/gj) we have that ^[(fc+pj/gj vanishes in homology if and 
only if the u-map with “opposite” domain does. This is equivalent to 

< ^{-K) 5 (tb(/C) - rot(/C) + 1) - 1 - < v{-K) 

^ [^-f\ > -^i-K) + i(tb(/C) - rot(/C) + 1) - 1 

I > —v{—K) + ^(tb(/C) — rot(/C) + 1). 

Under the assumptions in 2(a), where v{—K) = —t{K) + 1 and |(tb(/C) — 
rot(/C) + 1) = t{K), this says just 2 > 2t{K) — 1. For such the mapping 
cone picture becomes 

{k, At.(^_k)) {k + p, As) where s ^ -t{-K) 


{k,B) 

and it is now clear that the generator of the homology of {k,B) survives as 
a nonzero class in the homology of the mapping cone. This proves that in 
2(a), the condition that the smooth surgery coefficient q = | + tb(/C) be 
greater than 2t{K) — 1 suffices to ensure that c{y^y) A 0. 

The remaining cases are similar in spirit, but require somewhat more 
detailed analysis of the mapping cone and we defer them to Section □ 

In the next section we describe the key geometric construction that leads 
to our results, called reducible open book surgery, and prove a naturality 
property for the contact invariant under this operation. Sectionshows how 
to apply reducible open book surgery to deduce Theorem [Tt} The proof of 
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Theorem 1.2 is completed in Section]^ which may be read independently 
of the preceding sections. In the last section we prove the second part of 
Theorem Ol 
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2. Reducible Open Book Surgery 

Let y be a closed oriented 3-manifold equipped with an open book de¬ 
composition (5*, (^). Recall that this means S' is a compact oriented surface 
with boundary, and the monodromy cj) is an orientation preserving diffeo- 
morphism fixing a neighborhood of dS. Moreover, we are given a diffeomor- 
phism Y ^ (S X [0,1])/ ~, where the equivalence relation identifies (x, 1) 
with (</)(x),0) for all x e S, and also {x,t) with {x,t') for all t,t' and all 
X e dS. 

A surface diffeomorphism is reducible if a power preserves an essential 
(multi-) curve on the surface. Here we will be interested particularly in the 
case that 7 S is a simple closed curve, and (p fixes 7 . Moreover, we assume 
7 separates S into two subsurfaces, each containing at least one component 
of dS. In this situation, reducible open book surgery along 7 is defined to 
be the surgery on 7 (thought of as a knot in K) with framing equal to that 
induced by the page on which 7 lies. 

As a basic example one could consider 7 to be parallel to a boundary com¬ 
ponent of S, assuming dS has at least two components. Then “reducible” 
open book surgery along 7 is equivalent to page-framed surgery along the 
corresponding boundary (binding) component, an operation usually called 
“capping off” the open book. 

We write Y-y for the result of page-framed surgery along a reducing curve 
7 as above. 

Lemma 2.1. Let S'uS'" be the (disconnected) result of surgery along 7 S', 

thought of as an abstract surface. Write (f)' and for the diffeomorphisms 
of S' and S" obtained by restricting (j) and then extending by the identity 
across the surgery disks. Then there is a diffeomorphism 

y, - y'#y", 

where Y' andY" are described by the open books and {S",(j)"). 

The proof is straightforward; we point out two items. First, since it is 
preserved by the monodromy the curve 7 sweeps out a torus in Y (and 
the framing induced by the torus is the same as that induced by S). Af¬ 
ter page-framed surgery, the torus becomes the separating 2 -sphere in the 
connected sum Y'ffY". Second, if W.y :Y ^ Ty is the 2-handle cobordism 
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corresponding to the surgery, then the cocore of the 2-handle intersects Y-y 
in a knot K'^K", where K' a Y' is the 1-braid in the open book 
traced by the center of the capping disk in S' (and similar for K"). We can 
then think of Y as obtained from Y' u Y" by a version of “contact normal 
sum” along the (transverse) knots K' and K", with framings induced by the 
corresponding open books. 

Now, by fundamental work of Thurston-Winkelnkemper |32j and Giroux 
m, there is a correspondence between open book decompositions and con¬ 
tact structures on 3-manifolds. In particular, the 3-manifolds Y, Y' and Y" 
each carry natural contact structures ^ and and the cobordism 
connects the contact manifolds (1", C) and iY'#Y" 

If 7 is parallel to a component of dS, then S", say, is just a disk and the 
monodromy (()" is isotopic to the identity. Thus (T",^") ^ (5'^,Cstd); and 
Wry is the “capping-off cobordism” studied by Baldwin in [3]. The main 
result of [3] states that the map in Heegaard Floer homology induced by 
the reversed cap-off cobordism. Wry : —Y' —> —Y, equipped with a par¬ 
ticular spin‘s structure, carries the contact invariant of iY', ^') to that of 
(T, ^). For the more general reducible open book surgery, recall that under 
the Kiinneth decomposition HF{—{Y'^Y")) = HF{—Y') (S) HF{—Y"), we 
can write = c{^') 0c(^"). However, the obvious generalization of 

Baldwin’s theorem is false, in general: there is usually not a spin'’ struc¬ 
ture on Wry that carries c(^') 0c(^") to c(^). Nevertheless, an adaptation of 
Baldwin’s techniques can prove a statement that suffices for our purposes. 

Note that Baldwin also considers reducible open books in the context 
of capping off: he observes that if Yi = (5i,(^i) and Y 2 = {S 2 , 4 > 2 ) are 
open books each with at least two boundary components then the open 
book Y = {Si u S 2 , 4>i u (^ 2 ) obtained by gluing two boundary components 
of Si and S 2 can be realized as the result of capping off Yi^Y 2 . Thus the 
cobordism —Y —> —{YijfY 2 ) respects the contact class. Reducible open book 
surgery results in a cobordism in the other direction, —{Y'^Y") —Y, and 

behaves somewhat differently. To understand this, we recall the construction 
of c(^) via open books following Honda, Kazez and Matic |16] . 

Given an open book decomposition {S,(j)), we obtain a pointed Heegaard 
diagram for the corresponding 3-manifold as follows: 

• Let oi,..., a„ be a collection of properly embedded arcs in S that cut 
S into a disk, and let bi,... ,bn be a set of arcs obtained by a small 
translation of the a* that moves the boundaries in the positively 
oriented direction of dS, and such that bi intersects at transversely 
in a single point of int(5). 

• The Heegaard surface E is given by S 1/2 (“•S'o), where St refers to 

the image of 5 x {t} c S' x [0,1] in Y. 

• For i = 1,... n, the attaching circle at is equal to a, x {f} u a, x {0}, 
while Pi is given by 6* x {f} u Pih) x {0}. We assume that all 
intersections between a and /? curves are transverse. 
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• The basepoint w for the diagram is placed in S'i/ 2 ) away from the 
regions between the arcs ai and bi. 

We refer to a pointed Heegaard diagram constructed in this way from an 
open book decomposition as an HKM diagram. Reversing the roles of a and 
/3 curves, we can think of (S, /3, a, w) as giving a Heegaard diagram for —Y 
(which we also call an HKM diagram). In this diagram the generator x for 
CF{—Y) corresponding to the n intersection points between the a* and bi 
on Si /2 is a cycle—a fact which relies on the location of the basepoint—and 

by m it represents the contact invariant c(^) e HF{—Y). 

Definition 2.2. Let Y be a rational homology 3-sphere. An open book de¬ 
composition {S, (j)) supporting a contact structure ^ on Y is HKM-strong if 
there is an HKM diagram corresponding to {S, 4>) with the property that the 
canonical generator x is the only intersection point in its spiK structure. 

Since in an HKM diagram the canonical intersection point x lies in the 
spin'^ structure associated to the contact structure, a necessary condition 
for a contact rational homology sphere (Y, to admit an HKM-strong open 
book decomposition is that the Floer homology HF{—Y,5^) is isomorphic 
to F (and x represents the generator of this module). In fact, by moving 
the basepoint in the HKM diagram, one sees that for every spin'^ structure 
t, the group HF{—Y, t) is isomorphic to F: thus if K is a rational homology 
sphere admitting an HKM-strong open book decomposition then necessarily 
Y is an L-space. We will see below that the canonical contact structure on 
a lens space admits an HKM strong open book decomposition. 

Now suppose (S, (f) is a reducible open book decomposition as previously, 
with 7 c S' a separating curve fixed by the monodromy. Since S has bound¬ 
ary on each side of 7 , we can choose the arcs oi,..., in such a way that 
ai connects two different boundary components of S and intersects 7 trans¬ 
versely in a single point, while the other a* are disjoint from 7 . We obtain a 
new set of attaching circles 71 ,..., 7 ^ on S = S 1/2 u —So by taking 71 = 7 
while the other 7 ^ are (small Hamiltonian perturbations of) the correspond¬ 
ing /3j. Since our surgery is framed using the page, it is easy to see that 
(S, Q, 7) is a Heegaard diagram for the open book surgery Ky = Y'ffY". In 
fact, (S, a, 7) is obtained by a single stabilization from a connected sum of 
HKM diagrams corresponding to {S',4>') and (S", (()"). Note, however, that 
some handleslides may be necessary in the destabilization, and in particular 
(S,Q:, 7 ) is not necessarily obtained by a connected sum of pointed HKM 
diagrams (c.f. Figure]^. We place basepoints w' and w" on either side of 
71 , so that w' lies on the side of the diagram corresponding to S'. 

The following generalizes Baldwin’s theorem on capping off to the case of 
reducible open book surgery. 

Theorem 2.3. Assume that the reducible open book surgery corresponding to 
7 c S' y gives rise to open books {S', 4>') and {S", 4>") as above, and assume 
that {S",(f>") is HKM strong. Then there exists a class c e HF{—Y"), and 
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a spirf structure So on the surgery cobordism W-y : —iY’^Y”) —Y such 
that 

Fwj,bo{c{C) 0 c) = c(^). 

In fact, the class c is represented by the canonical generator x" on the 
HKM diagram for {Y",^"), with basepoint Y' as in Figure]^ 

The main idea in the proof is to consider holomorphic triangles in the 
triple diagram (S, 7 ,/3,a), much like Indeed, this triple diagram de¬ 
scribes the natural 2-handle cobordism between Y and Y'^Y", thinking of 
the cobordism as connecting —{Y’^Y") to —Y. (As in |^, the diagram 
is “left-subordinate” to the cobordism.) By construction of the diagram, 
there is a small triangle ipo ^ T 2 (xo, 0 , x) admitting a unique holomorphic 



(a) 



(b) (c) 


Figure 2. (a) shows an HKM diagram (a curves in red, /3 

in blue) associated to an open book with monodromy fixing 
a separating curve 71 (indicated, with other 7 curves parallel 
to /3’s). Note that no a or /3 curves except ai and j3i cross 
the grey curve 0 ( 71 ). The Heegaard diagram in (b) is ob¬ 
tained from the cx and 7 curves in (a) after destabilizing by 
cancelling 71 with the a curve it hits, after possibly sliding 
some green (gamma) curves over 71 . This is the connected 
sum of the diagrams in (c) at the basepoints Y and Y'^ which 
are not the standard basepoints in the HKM diagrams for the 
decomposed monodromies Y and Y' ■ 
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representative, where x e n is the canonical (HKM) representative 
of c(^), 9 e n TjS is the standard highest-degree intersection point, and 
XQ £ Tly n Ta is the intersection point given by the standard intersections 
between the -ji and Oj for i ^ 1 , together with the unique intersection point 
in 7 i n «!. 

In the following we continue to assume Y" is a rational homology sphere. 


Lemma 2.4. After possibly adjusting the monodromy (j) by an isotopy, the 
diagram P,a,w') is weakly admissible in the sense that every triply- 

periodic domain with = 0 has both positive and negative coefficients. 


Proof. Suppose "P is a nonnegative triply periodic domain in (S, 7 , (3, a, w'), 
i.e., a nonnegative integer linear combination of regions between the at¬ 
taching circles, excluding the region containing w', whose boundary (as a 
chain) is a linear combination of a, /3, and 7 circles. We write the circles 
as Q: = Q:' u u a", where the primes refer to the side of the diagram 
containing the curves, and similarly for (3 and 7 . Since n^/(P) = 0, the 
combinatorial arguments from [3] show that none of the circles a', f3', 7 ' 
appear in dV. 

Consider the surface with boundary H obtained from S by cutting along 
71 and (/>( 7 i) c —So, so P is a disjoint union H = H' vj H" corresponding to 
the two sides of our diagram. Write m for the coefficient of V in the “small” 
region between ai and /3i in H' near 71 c dH'. 

By identifying the two boundary coimonents of H", we obtain a Hee- 
gaard diagram (S, 7 , a) as in Figure and V gives rise to a domain in 
this diagram. Observe that the new diagram is a Heegaard triple diagram 
describing surgery along a knot K" in Y" whose meridian corresponds to 71 
and longitude is /3i. The set of triply-periodic domains in such a diagram is 
spanned by a domain for which the longitude /3i appears in the boundary 
with coefficient equal to the order in first homology of K", if that order 
is finite (c.f. the discussion in Section 5.1). In our diagram the coefficient 



Figure 3. The Heegaard triple obtained by cutting the dia¬ 
gram of Figurej^along 71 and 0 ( 71 ) and identifying boundary 
components. Shown is the portion corresponding to the right 
side of the diagram, H". 
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of j3i in the boundary of V is just m, up to sign. Since we are assuming 
bi(Y") = 0, it follows that for any nontrivial, nonnegative periodic domain 
in the original diagram we must have m ^ 0 . 

Consider the portion of the diagram near 4>{'yi) cz dH'. Here it still 
must be the case that the coefficients of V differ by m across each of ai 
and Pi- Therefore we can ensure that a nonnegative triply periodic domain 
does not exist by introducing winding of /3i around the curve (pili) both 
directions); this can be achieved by isotopy of the monodromy </> and thus 
still corresponds to an HKM diagram. □ 

The following refers to the triple diagram (S, 7 , jS, a, w', w") correspond¬ 
ing to reducible open book surgery (Figure j^a)). 

Proposition 2.5. For y e n T^, let "if) e 7r2(xo, 9, y) be a homotopy class 
of Whitney triangle such that 
( 1 ) = 0 
( 2 ) 

(3) admits a holomorphic representative (or more generally the corre¬ 
sponding domain in S has only nonnegative coefficients). 

Then y = x, and if = 1 ) 0 . 


Proof. First we claim that any such if also has Uy^n^if) = 0. For this recall 
that the quantity /(xq) = <Cl(s^„/(V')), [Fx]) + [Fxf - 2{n^:{if) - ny,ii{if)) 
depends only on the intersection point xq and not, particularly, on the 
triangle if e 7 r 2 (xo, 0 ,y). (See Lemma 5.4; here [Fx] is the generator of 
H 2 {W,—{Y'ffY")) represented by the core of the 2-handle.) If Sw'{if) = 
Sw'ii’o) then the only term of /(xq) that depends on if is nyj'{if) — n^i^niif). 
In particular since n^'('0o) = nu,"{ifo) = 0, the assumption nyji{if) = 0 forces 
= 0 as well. 

Hence the triangle if must have vanishing coefficients in both “large” 
regions of the diagram (S, 7 ,/ 3 ,q:). The combinatorial arguments from [3l 
Proposition 2.3] now apply directly to give the conclusion. □ 


The proposition implies that an appropriately-defined chain map between 
a,w') and (Y, P, a,w') sends the generator xq to the canonical rep¬ 
resentative X of the contact invariant c(^), since there is just one homotopy 
class of triangle to consider and that homotopy class admits a unique holo¬ 
morphic representative (we define the relevant chain map below). Moreover, 
if we write xq = Xg x xi x Xq, where xi e 71 x ai is the unique intersection 
as before, then after destabilizing the diagram the intersections Xg and Xg 
are the canonical intersection points in HKM diagrams for —Y' and —Y". 


Lemma 2.6. Assume that the diagram {Y'f^”,cx'\w") is HKM strong for 
the contact structure supported by {S",(f"). Then the intersection point 
Xq is a cycle in the chain complex CF(E, 7 , ct, in'). Moreover, under the 
Kiinneth isomorphism 

HF{Y'#Y") ^ HF{Y')^HF{Y"), 
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the class [xq] corresponds to c(.^) 0 c, where c is the class represented by the 
intersection point Xg in the diagram (£", 7 ", a", z"). 

Observe that since the diagram is HKM strong, the generator Xg is a cycle 
in CF regardless of the position of the basepoint. It is, however, dealing 
with the basepoints that is the main difficulty in the proof of the lemma. 
To do so we make use of some technology from knot Floer theory. 

Recall that if {T,, a, (3,w, z) is a doubly-pointed Heegaard diagram de¬ 
scribing a knot K Y, the knot Floer chain complex CFK~{Y,K) = 
CFK~ {T,, a, (3,w, z) is generated over ¥[U] by intersection points in the 
usual way, with differential counting holomorphic disks that miss the base- 
point z and keeping track of intersections with w via the power of U. Ex¬ 
plicitly: 

«z(0) = O 

Here the sum is over intersection points y and Whitney disks cf) e 712 (x,y) 
having Maslov index 1. There is a chain map CFK~(T,,a,P,w,z) —> 
CF{T,, a, P, z) given by setting U = 1 (i.e., forgetting the basepoint w 
and declaring 2 ; to be the new basepoint). In the following, we will need 
to treat the basepoints we’ve been labeling as w', w", z\ z" in different 
ways in the knot complex. To avoid confusion, we will use notation such as 
CFK~ (S', 7 ', q', n^i = 0, ) to indicate the knot Floer complex in which 

w' plays the role of z above and z' corresponds to w. 

Proof of Lemma [^7^ Consider the two Heegaard diagrams (S', 7 ', a', w', z') 
and (S", 7 ", a", w", z") of Figurej^c), and the corresponding tensor product 
of knot Floer complexes 

CFR-(S',7',a',n^, = 0 , 0 z[f/] CFiF'(S", 7", a", 

According to [25l section 7] (see also [22l section 11]), there is an iso¬ 
morphism of this complex with the complex C'F’iF~(S'^S", 7 ' u u 

a",nyji = Uz" = 0, obtained as follows. First form the triple 

diagram 7 ' u 7 ", a' u 7 ",q;' u a", w', w"), where the tildes indicate 

small Hamiltonian perturbation, as in Figure Denoting by 6' (resp. 6") 
the canonical intersections between ex' and a' (resp. 7 " and 7 "), the image 
of x' 0 x" from the tensor product complex is obtained by counting holo¬ 
morphic triangles in the triple diagram, having vanishing multiplicity at w' 
and with corners at x' x 6" and 9' x x", where x' 6 7 ' n a' and x" 6 ex" n 7 " 
are the obvious intersection points corresponding to x' and x". We observe: 

• There is a “small triangle” tpo £ ^ 2 (xg x 0", 0' x Xg, Xg x Xg) admitting 
a unique holomorphic representative. 

• Any other triangle p e vr 2 (x'g x 0", 6' x Xg, u' x u") with nw'iP) = 0 
and with nonnegative coefficients is actually equal to ipo- 

Indeed, the first of these is clear from the diagram. For the second we 
adapt the argument from m section 7]: hrst note that any triangle p as 
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Figure 4. Heegaard triple for the Kiinneth argument. 


in the claim differs from “ipo by splicing a disk (p e 772 (xg x Xg, u' x u") with 
nonnegative coefficients, boundary on ¥„ and Tg,, and n^i{(j)) = 0. Clearly 
such a disk must have vanishing coefficients on the S' side of the diagram, 
and in particular we must have u' = Xg. But then (p gives rise to a disk 
starting from Xg supported on S", which is necessarily trivial by the HKM 
strong condition. 

To pass from the connected sum diagram to the HKM diagram (S, 7 , q, re', tc" 
we must stabilize and then slide some 7 circles as necessary (reversing the 
transition from Figure [^a) to (b)). Stabilization (at w') certainly maps 
x'g X Xg i—> Xg X xi X x'gj the luaps induced by handleslides involve counts of 
holomorphic triangles that also have the desired behavior by an argument 
entirely similar to the one above. We leave the reader to fill in the details. 

We have now seen that there is a chain isomorphism 

= 0 , 7 ", a", n,. = 0 , [/"»") 

^ CFK“(S,7,Q,n^/ = 0, 

such that the chain Xg 0 Xg is sent to Xg x xi x Xg. Moreover, it is clear 
that both Xg and Xg are cycles in the respective factors on the left side (xg 
by virtue of the placement of the basepoint w', and Xg in light of the HKM 
strong condition). Applying the natural transformation CFK~ —> CF we 
get a homology isomorphism 

^(S', 7 ',«',u;') 0 #F(S", 7 ",q",z") ^ #F(S, 7 , a, ic') 
mapping [x'g] 0 [x'g] to [x'g x xi x Xg], where the latter class is well-dehned 
since CFK~ —> CF is a chain map. □ 


Proof of Theorem \2.3[ The triple diagram (S, 7 , (3, a, w') is left-subordinate 
to the surgery cobordism Wg. Writing Sq for the spiffi structure induced by 
the small triangle i/’O; we see from Proposition 2.5 that the corresponding 
chain map given by 


Fw-,,so{y) = 2 #M{'ip)y. 

bG(y,e,x) 


(where the sum is over homotopy classes of triangle with Maslov index 0, 
s-w'if’) = ■s«)'(V’o)) and nyji{'tp) = 0) carries x' x x x" to the HKM generator 
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X in (Ti, (3,a,w'), which is a cycle representing c{^). The theorem then 
follows from Lemma l2.61 □ 


3. Positive Contact Surgery 

We consider positive contact surgery along a nullhomologous Legendrian 
knot K c (T, ^). We adhere to conventions from the introduction, so the 
smooth surgery coefficient will be written as The corresponding contact 
surgery coefficient will be written so that y = q while x = p — qtb{K). 
We write p = mq — r as previously, where 0 ^ r < g, so that the rational 
surgery cobordism is W = VPp/g : Y^(—L{q,r)) —> Yp/g{K). 


3.1. Our main goal for this section is the following. 


Theorem 3.1. Let K a (Y,^) be a nullhomologous Legendrian knot, and 
^ e Q a contact framing with | ^ 1. Let {Y„,/y{K),f^f^y) be the result 
of eontact | surgery on K, with a particular choice of eontact structure 
If W : Y^{—L{q,r)) Yp/ij{K) is the corresponding rational surgery 
cobordism, then there exists a spin‘s structure 5 e spin^^fW) and a generator 
c 6 HF{L{q,r)) with the property that 


F-W,s{c{0 <S) c) = c{^,,/y), 

where —W : —YjfL[q,r) —Yp/y{K) is the oppositely-oriented cobordism. 


This theorem is an application of Theorem 2.3, where we realize —W 


above as a reducible open book surgery cobordism between Yp/y{K) and 
Yfj^{—L{q,r)). To do this, we review an algorithm due to Ding, Geiges and 
Stipsicz [6] for describing a rational contact surgery in terms of +1 surgeries, 
and interpret that algorithm in the context of open books. 


Theorem 3.2 (DGS algorithm). Given Y,f^,K and ^ ^ 1 as in Theorem 


3.1, form the continued fraction 


X 


y-x 


= [ai, 02, . . . , On] = Ol — 


02 - 


where each ai ^ —2. Then any contact | surgery on K can he described as 
contact surgery along a link Kq u iLi u • • • u Kn, where 

• Kq is the original Legendrian K, 

• Ki is obtained from a Legendrian pushoff of Kq by stabilizing |ai +1| 
times, 

• for j ^ 2, Kj is obtained from a Legendrian pushoff of Kj^i by 
stabilizing |oj■ + 2| times, 

• the contact surgery coefficient on Kq is +1, while the coefficient is 
— 1 for the other Kj . 
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Figure 5. Stabilizing a Legendrian on the page of an open 
book. The left picture is before stabilization, the center and 
right-hand pictures are equivalent pictures after stabilization, 
with the stabilized Legendrian K~ indicated, and where the 
monodromy has been composed with a right twist about C. 


The ambiguity in the resulting contact structure arises from the 
choice of stabilizations used for each Kj; the contact structure is the 
one given by choosing all these stabilizations to be negative (with respect to 
a chosen orientation of K). 

Recall that for any Legendrian K a (F, one can find an open book 
decomposition supporting ^ such that K lies on a page of the open book 
and such that the contact framing on K agrees with the framing induced 
by the open book (see [HI Corollary 4.23], for example). Moreover, it was 
observed in |2] that one can arrange for stabilizations of K to appear on 
pages of the stabilized open book in the following way. Having fixed an 
orientation for K, choose an embedded path c on the page, which starts on 
a boundary component and approaches K “from the right.” Stabilize the 
open book using the arc on the page that is the non-closed component of the 
boundary of a regular neighborhood of iL u c; then the negative stabilization 
K~ is Legendrian isotopic to a curve on the page of the stabilized open book 
that is parallel to the boundary component meeting c, and the page framing 
of K~ agrees with the contact framing (see Figure [^. The stabilization 
involves composing the monodromy of the open book with a Dehn twist 
along the closed curve C that is the union of the indicated arc with the core 
of the new 1-handle. 

Iterating this procedure, we can stabilize the open book repeatedly to ob¬ 
tain a decomposition supporting ^ in which an arbitrary number of stabiliza¬ 
tions of K appear as curves on the page. In particular, given | ^ 1, we can 
find an open book decomposition for which all the Legendrians Kq, ..., 
from Theorem 3.2 appear as closed curves on the page, with contact fram¬ 
ing equal to the page framing. Moreover, since performing —1 (resp. -1-1) 
surgery along a closed curve in the page, where the framing is measured with 
respect to the page framing, is equivalent to composing the monodromy of 
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Figure 6. Iterating the stabilization procedure. Note that 
a right Dehn twist is introduced to the monodromy around 
each new boundary component except for the last. 


the open book with a right (resp. left) handed Dehn twist, we get an open 
book decomposition for by adding a left twist to (f> along K = Kq, and 
right twists along each Ki,, K^. The procedure is illustrated in Figure 
(Note that each Kj is a parallel copy of some stabilized Legendrian K~"^, 
but not all stabilizations may be used and some may be repeated.) We de¬ 
note the open book decomposition for {Yx/y{K),^^/y) obtained this way by 

Observe that in (S', 4>) the monodromy preserves the once-stabilized Leg¬ 
endrian K~, and that K~ separates S with boundary components on each 
side. Applying reducible open book surgery along K~, we obtain a 3- 
manifold that is the connected sum of manifolds with open book decom¬ 
positions and {S",4>"). Note in particular that after the reducing 

surgery, the original Legendrian AT c S' is isotopic to the first stabilization 
curve C, and therefore the right twist along C cancels with the left twist 
we introduced along K = Kq. Hence, the open book is indeed the 

original open book for (Y, we began with. 

On the other hand, the open book {S",(f>") is clearly planar and the 
monodromy cj)" is given by the composition of right twists along all but one 
boundary component together with various copies of the disjoint circles K~^ 
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Figure 7. The result of reducible open book surgery along 
K~ in the open book of Figure The connect-sum points 
are indicated. 


as indicated in Figure 
result. 


The proof of Theorem 3.1 rests on the following 


Lemma 3.3. The 3-manifold Y" described by is dijfeomorphic to 

the lens space —L{q,r). Moreover, the 2-handle cobordismYpjq —> Y jf[—L[q,r)) 
corresponding to the reducible open book surgery is dijfeomorphic to —Wpjg, 
the rational surgery cobordism with its orientation reversed. Finally, the 
open book decomposition {S'ff”) is HKM-strong in the sense of Definition 

El 


Proof. The first sentence follows from the second. The latter can be proved 
in a manner analogous to |20l Proposition 4.1], in fact our constructions 
in this section are generalizations of those in [20]. Working more directly, 
Figure]^ shows the contact surgery diagram resulting from the Ding-Geiges- 
Stipsicz procedure, along with a copy of the once-stabilized knot K~. Note 
that X is a Legendrian in a 3-manifold (F, .^), which itself can be described 
by a contact surgery diagram; this background diagram is not indicated in 
the figure. The reducible open book surgery cobordism is given by a 2- 
handle attached along K~ with framing equal to the Thurston-Bennequin 
invariant of K~] we turn the cobordism over and reverse its orientation by 
bracketing all surgery coefficients and introducing a 0-framed meridian for 
K~. To simplify the picture, note that the stabilized pushoffs K 2 ,..., Kn 
can be successively slid, each over the preceding, to give a chain of unknots 
(in fact, since we have performed —1 contact surgery on each of these knots, 
|5| implies each Kj is Legendrian isotopic to a stabilized standard Legen¬ 
drian meridian of Kj-i for j = 2,... n). The corresponding smooth surgery 
picture is shown in Figure j^a), and a little more manipulation of the dia¬ 
gram (sliding K~ and then Ki over Ko) gives Figure [^d). Recalling that 
[oi,..., On] = , that X = p — q tb{K), y = q, and writing p = mq — r it is 

easy to obtain Figure 10 which is nothing but the surgery cobordism VFp/g. 
Since our picture has the wrong orientation, the proof is complete except 
for the claim that the diagram for —L{q, r) is HKM strong. We postpone 
this to the end of the section. □ 
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Figure 8. The Ding-Geiges-Stipsicz picture for rational 
contact surgery. The boxes indicate the number of stabi¬ 
lizations; note each aj + 2 ^ 0, i.e., all stabilizations are 
negative. 


Proof of Theorem 3.1. The previous lemma shows that the oppositely-oriented 
surgery cobordism —bFp/g : —Yf^L{q^ r) —> —Y^^y{K) is diffeomorphic to the 
reducible open book surgery cobordism, after turning around. The natural- 


ity property of such reducible surgery cobordisms (Theorem 2.3) proves the 
result. □ 

3.2. We now wish to identify the spin'^ structure on the rational surgery 


cobordism whose existence is guaranteed by Theorem 3.1 Since it is ob¬ 


tained from the reducible open book surgery construction, let us write 
•Srobs £ spin^(— Wp/g) for that spin'^ structure. 

To begin with, observe that there is another natural spin‘s structure on 
Wpjq arising from the Ding-Geiges-Stipsicz algorithm. Indeed, we can think 
of the diagram of Figure (without the handle corresponding to K~) as 
describing a 4-manifold Xp^q, which is clearly diffeomorphic to that given 
in Figure [^d) after removing all brackets. Thus Xp^q contains the rational 
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Figure 9. The reducible open book surgery cobordism, 
upside-down and with reversed orientation. Here we write 
t = tb{K) for the Thurston-Bennequin number of the origi¬ 
nal knot K. 
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i + 1 


m 


Figure 10. Simplification of Figure]^ still writing t = tb{K). 


surgery cobordism VFp/g : Y#—L{q,r) Yp/q{K). Moreover, since there 
is a single +1 contact surgery coefficient in the diagram of Figure the 
manifold Xp^q = Xp^q^CP'^ admits an almost-complex structure Jdgs whose 
Chern class evaluates on the 2-handles corresponding to the Legendrians 
in Figure as the corresponding rotation number—see |^. (Here and to 
follow, we suppose an oriented Seifert surface for K has been fixed.) We get 
a corresponding spin'^ structure Sdgs on Xp^q, and write Sdgs £ spin'^(lFp/q) 
also for its restriction to the rational surgery cobordism. Note that both 
•Srobs and Sdgs restrict to Yp/q{K) as the spin'^ structure induced by the 
contact structure. 

The next result characterizes the spin‘s structure arising from Jdgs; we 
will see that Srqbs is essentially the “same” as this one (in quotes, since 
Srobs is on the oppositely-oriented manifold). 

Lemma 3.4. Fix a generator [5] 6 H 2 {Wpiq\'L) satisfying Q, i.e., so that 
[5] corresponds to q times the relative class given by the core F of the 2- 
handle, where the latter is oriented so that dF = —K. The spin^ structure 
Sdgs ^ spin'^{Wp/q) satisfies 

<ci(sdgs), [-S']) = rot{K) y + x- l= p+ {rot{K) - tb{K)) q-1 

Proof. For simplicity, we suppose that the initial contact manifold is (Y, = 

The general case (involving keeping track of a contact surgery 
diagram for (Y,f^)) is similar. 

The Legendrians K = Kq, Ki, ..., Kn in Figure|^correspond to 2-handles 
in Xp^q, and since all the Ki are nullhomologous we get corresponding ho¬ 
mology classes ko, ki,..., kn ^ H 2 [Xp^q-, Z). The Chern class c = ci( Jdgs) ^ 
H‘^{Xp^q,'I,) of the almost-complex structure satisfies 

<c, ko) = iot{K) 

{c, kj) = rot(iL) + ai + ■■■ + Oj + 2j — 1 for j = 1,... n. 
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The handleslides relating Figure]^ to Figure [^d) show that 
(c,£o) = rot(K) 

(2) <c,4> = ai + 1 

(c, Ij) = Qj + 2 for j = 2,..., n, 

where £o = /cq and ij = kj — kj-i ior j = 1,... ,n are the homology classes 

corresponding to the handles in Figure |^d) (with brackets removed). 

With respect to the basis {io,ii,... ,in}, the intersection form of Xp^g is 
given by the matrix 

-1 

fli + 1 1 

1 02 

1 

1 CLn 

The cobordism Wp/g is given just by the handle addition corresponding to 
£o, after adding £i,... ,in, and therefore the class [5] e H2{Wp/g,7j) can be 
represented in our basis as a generator for the kernel of the matrix obtained 
by deleting the row corresponding to £o in the intersection matrix for Xp^g 
(see, for example, HU section 9]). To understand this class, recall that for 
a rational number xq/xi > 0, its continued fraction expansion is obtained 
inductively by using the division algorithm to write 

xo = bixi — X 2 with 0 ^ X 2 < 

Xi = b 2 X 2 — X 3 with 0 ^ X 3 < X 2 


Qx„.„ = 


t \ 
-1 


( 3 ) 


^n—1 


bnX 


n-i 


where the procedure stops when the remainder Xn divides the preceding 
remainder Xn-i. If xo/xi is in lowest terms, this happens just when Xn = 1- 
In particular, this means that the vector (xq, xi,..., x^) is in the kernel of 


(4) M(-6i,...,-5„) : = 


1 -bi 1 

1 -62 1 

1 -63 


1 

1 -bn 


and conversely the kernel of this matrix is spanned by a vector uniquely 
specified by requiring its entries to be decreasing positive integers with final 
entry 1. Moreover, this canonical kernel vector (xq, ... ,Xn) has the property 
that gcd{xj,Xj+i) = 1, and xq/xi = [bi,... ,bn] as a continued fraction. 

Deleting the row corresponding to £0 in the intersection matrix for Xp^g 
gives the matrix M = M“(ai + 1, 02 , ..., an), which is obtained from M(ai + 
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1,02, • ■ • ,a?i) by reversing the sign of the (1,1) entry. The kernel of M is 
spanned by the vector y = • • • ,yn), where the yj satisfy equations 

analogous to (© above, modulo the first sign. It follows, arranging = 1, 
that yo/yi = l + [ai,... ,0^] = y/{y — x). Since yj > 0 for j ^ 1, we conclude 
2/0 = -y and yi = x-y. 

Thinking of the generator y as a linear combination of the ij and using 
(©> the evaluation of c on y is given by rot(K) i/q + (oi + l)yi + (02 + 2)^2 + 
• • • + {an + 2)yn- It follows from the equations My = 0 that 

~y0 + (ai + 1)2/1 + (“2 + 2)1/2 + • • • + (un-l + 2)l/n-l + (Un + l)2/n = 0, 

and this, along with uq = —y, yi = x — y, and i/„ = 1, shows quickly that 
{c, y) = —rot(iir) y — X + 1. 

Finally, observe that y corresponds to the class — [S'], since the coefficient 
of the relative class [F] is yo = —y = —q rather than q. 

□ 

By construction, Jdgs induces the plane field Ip/g- H also induces 

a plane field ^dgs on the lens space L(g, q — r) a Xp^q, but in general this is 
not homotopic to a “standard” contact structure. To understand this, write 
P for the plumbed 4-manifold obtained by attaching 2-handles to a chain 
of unknots in with framings oi -|- 1,02 ,..., (that is, P is given by the 
diagram of Figure j^d), with the knot K omitted and brackets removed). 
Writing .. ^In for the corresponding 2-dimensional homology classes as 
above, the Chern class of Jdgs evaluates on the ij according to Q. On 
the other hand, there is a canonical contact structure on L{q,q — r) (the 
universally tight one), induced by a standard Stein structure on a plumbed 
manifold bounding L{q,q — r). If oi ^ —3 then this manifold is just P 
itself, but if ai = —2 we may need to blow down. The result we need is the 
following. 

Lemma 3.5. There exists a complex structure J on P inducing the canon¬ 
ical Stein-fillable contact structure Ostein on L{q,q — r). Moreover, we have 

(ci{J),ii) = ai-\-3 

(ci{J),ij) = aj + 2 for j = 2,...,n. 

Proof. First suppose ai ^ —3, so that all surgery coefficients appearing in 
the diagram for P are at most —2. Then P admits a Stein structure obtained 
by drawing each unknot in the plumbing diagram as a Legendrian, with all¬ 
negative stabilizations chosen so that the surgery coefficients are each one 
less than the corresponding Thurston-Bennequin numbers. The Chern class 
of the complex structure evaluates on the classes ij as the rotation number, 
and then it is easy to check the desired statement. 

Now suppose that for some k e n — 1} we have ai = ••• = 

Ok = —2, and ak+i ^ —3. Blowing down sequentially, we see that P = 
-2 

PoffkCP where Pq is a plumbing of spheres having self-intersection a^+i + 
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1,afc+ 2 ,... ,an- If ei,...,Cfc are the exceptional spheres corresponding to 
the blowups, we can write 

h = ei, -^2 = 62 — ei, ..., ik = Bk — Bk-i, ik+i = ^'k+i — 6fc, 
where is the homology class of the sphere of square a^+i +1 in Pq- There 
is then a Stein structure Jstein on Pq obtained as above, with {ci{Jstein),^'k+i} 
Ofc+i + 3 and {ci{ Jstein), ^j} = aj + 2 for j = k + 2,... ,n. We can then blow 
up {Pq, Jstein) in the complex category to obtain a complex structure J on 
P = Po#kCP . This complex structure has Cl (J) = ci(J 5 iem) —ei —• • • —e^, 
where Cj is Poincare dual to the exceptional sphere ej, and moreover J in¬ 
duces the same plane field on L{q, q — r) = dP = JPq as Jstein does. It is 
now easy to check that (ci( J), = afc+i-|-2, that (ci(J),£j) = 0 = aj-|-2 

for 2 ^ j ^ k, and that (ci(J),£i) = 1 = oi -I- 3 as desired. 

The only remaining case, that all aj = —2, is proved easily along the same 
lines. □ 

Comparing the Lemma above with Q, we see that ci(J)— ci(sdgs) = ‘^^i, 
where e P^(P;Z) is Kronecker dual to £i. Strictly, Sdgs is defined on 
P^CP'^ and here we refer to the restriction of its Chern class on P. We 
know, however, that ci(sdgs) evaluates on the generator of H 2 {CP‘^) as 3, 
and so c^(sdgs)p#cp 2 = cf(sDGs)p + 9 (using a subscript to indicate the 
manifold on which we consider a cohomology class). 

Recall that for an oriented 2-plane field rj having torsion Chern class on 
an oriented 3-manifold M, the rational number d^{r]) is the “3-dimensional 
invariant” of Gompf, defined by 

MM=cl{Z,J)-MZ)-2x{Z) 

for any almost-complex 4-manifold (Z, J) having dZ = M and such that 
TM n J{TM) = r]. From this definition, we find 

C^sC^DGs) = ^(c?(SDGs)p#CP2 - 3fT(P#CP^) - 2x(P#CP^)) 

= |(ci(sdgs)p - 3ct(P) - 2x(P))-h 1 
and therefore using J on P to compute d^{istein) gives 

dsi^Stein) - dsi^BGs) = |(Ci(T)p - Ci(SdGs)p) “ 1 

(5) = (ci(SDGs)u^^) + (£t)2-l. 

To evaluate this, identify the classes ij with their Poincare duals in H^{P', Q) 
(since we must pass to rational coefficients to evaluate the expressions above), 
and write £* = some coefficients nij. Clearly, (mi,...,mn) is 

the first column of the inverse to the intersection matrix of P. The in¬ 
tersection matrix is Mi, which is obtained from M(ai -I- l,a 2 ,...an,) by 
deleting its first column (c.f. Q). From the discussion after (Q, we have 
that MiXi = ivo, 0, • •., 0), where the yj are as in that discussion and yi is 


28 


THOMAS E. MARK AND BULENT TOSUN 


the vector ( 7 / 1 , , yn)- Dividing through by yo gives that the first column 
of is and now it is straightforward to see that 

ci(sdgs)u£* = (01 + 1,02 + 2, ...,a„+ 2 ) = —(yo-yi + 1 ). 

yo yo yo 

Now note that is just the (1,1) entry of which we have seen to 

be = [oi + 1, 02 ,..., On]~^. Returning with this to ([^ proves 

dsiCstein) - rfsC^DGs) = —(l/O -7/1 + 1) + — -1= — = 

2/0 2/0 2/0 q 

where the last equality is the fact that yo = —y = —q observed in the proof 
of Lemma 13.41 

To relate this to the surgered contact structure ^x/y, observe that by 
additivity of the 3-dimensional invariant, 

doiix/y) - 'i3(C#^DGs) = ^(c?(S dGs)H j,/, “ 3cT(Wp/q) - 2x(lTp/q)). 

Here we assume that ^ and have torsion first Chern class. Note that 
'^ 3 (?#?DGs) = ^ 3(0 + dz{iT 0 Gs) + so the previous two equations give 
( 6 ) ^ ^ 
^(c?(SDGs)Wp/g-3cr(lTp/g)-2x(lTp/,)) = d^{i^jy)-d2,{i)-do{istein)---^- 

This last equation essentially characterizes Sdgs in terms of contact geomet¬ 
ric data that we can carry to our consideration of Srobs ■ 

Turning now to Srqbs ^ spin'^(—ITp/g), observe that the map induced in 

HF by Srobs carries the class c(^) ® c to c{^x/y)- Therefore we must have 
deg(F_iyp/„SROBs) = deg(c( 4 /p)) - deg(c (0 0 c) 

= -dsiL/y) + dsiO - deg(c). 

In the above we are using the fact that for a contact structure ^ with torsion 
Chern class the contact invariant lies in degree —^ 3(0 — 5 of Heegaard Floer 
homology (of the oppositely-oriented 3-manifold). 

On the other hand, the degree shift formula in Heegaard Floer homology 
tells us 

deg(F'_Wp/q,BjiQgg ) — ^ ^C]^(srobs)— Wp/q — 3ct(— 1+^^^) — 2x(— VFp^g)^ . 
Hence 

(7) (srobs) - 3a{-Wp/g) - 2xi-Wp/g)) = -d^i^^/y) + ^3(0 “ deg(c). 

Our goal now is to determine the quantity deg(c). 

Recall that c is a class in the Floer homology of the 3-manifold represented 
by the open book (5", (^") on the right side of Figure]^ The corresponding 
Heegaard diagram is drawn explicitly in Figure [TH where the class c is given 
by the canonical intersection generator x", with basepoint z". 
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|^ 2 + 2 | 




|&£ + 2 | 



Figure 11. A genus 1—1 Heegaard diagram arising from the 
HKM procedure applied to the open book (5", (/>") of Figure 
It can also be seen as an embedded Heegaard diagram for 
L(q,r) if the surface is oriented “inward.” Here —q/r = 
[ 62 , • • •, bi]- 


It is worth pausing for a moment with this diagram, which we write as 
(S", a", (3"). By construction, if equipped with basepoint w", it is an HKM 
diagram associated to the open book (5", (p") and describing the 3-manifold 
L{q,q — r). We can also see the diagram as embedded in a surgery picture 
for L{q,r). Indeed, if L{q,r) is described as surgery on a link of unknots 
with coefficients bj, where —q/r = [ 62 , ■ • •, M bj ^ — 2 , we can surround 
the link by the Heegaard surface S" as suggested in Figure 11 (where the 
link is drawn in light grey). The a-circles in the diagram bound disks in 
the complement, while the /? circles are exactly -framed longitudes of the 
link components and therefore bound disks after the surgery. We therefore 
obtain a Heegaard diagram for L{q, r), but notice that in this description the 
Heegaard surface must be oriented by an inward normal (as the boundary of 
the a-handlebody; this is consistent with L{q,r) = —L{q,q — r)). Observe 
that the surgery coefficients bj correspond to the number of twists in each (3 
circle at the “top” of the diagram, which correspond to the number of par¬ 
allel copies of each stabilization of K appearing in the Ding-Geiges-Stipsicz 
algorithm. Explicitly, if appears times in the algorithm for contact 
x/y surgery on K, then for j = 2, ...,£— 1 there are extra twists in the 
j-th (5 circle, while there are n^ — 1 extra twists in the Gth. Correspondingly, 
the surgery coefficients bj are given by bj = —nj — 2 for j = 2 ,... ,i — l, while 
bi = —n£ — 1. The special case of j = i arises because the last boundary 
component in S" does not get a Dehn twist from the stabilization procedure, 
c.f. Figure 

It is straightforward to check that the open book {S", 4>") for L{q, q — r) 
corresponds to the standard (universally tight) contact structure; in partic¬ 
ular it is the boundary of the complex structure J on the plumbing mani¬ 
fold P considered before. Hence the intersection point {'x!',w") represents 
the contact invariant c{^stein) of the universally tight contact structure. 
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which is generator of the group HF{—L{q,q — r),5stein)- Changing the 
basepoint gives the element c, which is represented by (x", z") and now lies 
in a different spin'^ structure. In fact, by |26| Lemma 2.19], we see that 
s^//(x") = 5stein + PD[fj], where /r is a closed circle on the Heegaard dia¬ 
gram dual to the leftmost a circle in Figure [TT] and oriented so as to cross a 
once when traveling from w" to z". Thinking of the diagram as embedded 
in the surgery picture for L{q,r) = —L{q,q — r), we have that fi is just a 
positively-oriented meridian to the first component of the chain of unknots. 

Recall that the Floer homology group HF{L{q,r),5) in any spin‘s struc¬ 
ture 5 is 1-dimensional over F, and lies in a grading denoted d{L{q, r),s) e Q. 
These grading levels were computed recursively by Ozsvath and Szabo in 
[231 Proposition 4.8]; in our orientation convention their formula reads 

(8) d(L(q, r),i) = ^ (qr - (2i + 1 - q - rf) - d(L(r, q),i). 

Here the index i e {0,..., g — 1} refers to a particular labeling of the spin'^ 
structures on L{q,r), and in the d-invariant on the right we reduce q and i 
modulo r. The labeling is obtained by drawing a genus-1 Heegaard diagram 
for L{q, r) where the a circle has slope 0 and the fd circle has slope —qjr, then 
marking the q intersection points sequentially around the a circle, starting 
with the intersection point adjacent to the basepoint (c.f. Figure 2 of [23]i. 
This diagram can be seen as an “embedded” diagram as above, where there 
is now just a single unknot with coefficient —q/r describing the surgery and 
the Heegaard surface is oriented inward. The usual sequence of Kirby moves 
from the integer surgery on a chain to this picture clearly takes the meridian 
/r to a meridian of this unknot, and moreover it’s easy to see that changing 
a spin‘s structure by adding the dual to [fi] corresponds to increasing the 
label by i 1 -^ i -I- r. 

The universally tight contact structure we are denoting by Ostein on 
Q — r) has the property that with the spin'’ structure labeling above 
we have c{^stein) £ HF{L{q,r),i = 0). Thus from the discussion above we 
have 


deg(c) - deg{c{^stein)) = d{L{q, r), r) - d{L{q, r), 0) = 1 - 

where the second equality is a simple exercise with Q. Now recall that 
deg{c{^Stein)) = —dsi^stein) — 5 - Making this replacement above, and using 
the result to eliminate deg(c) from Q gives 

i(c?(SROBs)-Wp/, - 3cr(-Wp/g) - 2x{-Wp/q)) 

~ ~d‘i{^x/y) T ^^3(0 T dtii^Stein) - — 2 
= -3(Ci(SDGs)vEj,/, - 3fT(lFp/g) - 2x{Wp/q)) - 1, 
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where we have used Q . Observe that (T(—Vhp/g) = —a{Wpiq) a'n.dx{—W^p/q) = 
x(Wp/q) = 1 to conclude: 

Ci(SROBs)-lUp/, = -C?(SDGs)Wp/g- 

Corollary 3.6. Suppose that^ and^^/y have torsion first Chern class. Then 
the spin^ structure Srobs carrying c(^) (S)c to c{^x/y) satisfies 

(ci(srobs), [S]) = ±(ci(sdgs), [-S']). 

for [S'] e H 2 {Wpiq,'L) a generator. 

This follows since unless p/q = 0 the nondegenerate part of the inter¬ 
section form of Wp/q is 1-dimensional, corresponding to the class [S]. If 
pfq = 0, then much of the above discussion does not apply (since typically 
will have non-torsion Chern class), but the conclusion of the corollary 
still holds simply because in this case srobs and Sdgs are determined by 
their restriction to Yp^q{K), where they agree—in particular, in this case we 
get that the sign is -1-1. 

Note that the corollary implies that srobs and sdgs are equal up to 
conjugation (and possibly elements of order 2 in H 2 {Wp/q] Z)). Furthermore, 
since Srobs and Sdgs both restrict to s^^^^on Yp/q{K), it follows that unless 
Sg^^^ is self-conjugate the sign appearing in the corollary must be -1-1. In 
practice we are usually interested in algebraic properties of the map induced 
by Srobs in Floer homology (e.g., injectivity), and since these are insensitive 
to conjugation the sign is immaterial. 


Corollary 3.7. Suppose K. a {S^,f,std) is a Legendrian knot in the standard 
contact structure on S^ and write K for the underlying smooth knot type. 
Fix a contact surgery coefficient | ^ 1 cmd let 2 be the corresponding smooth 

surgery coefficient. Then under the identification of HF{—{S^^^{K))) with 
Hi^{'K_p/q{—K)), where —K is the mirror of K, the contact invariant c{^j./y) 
(or possibly its conjugate) is given by the image in homology of the inclusion 

{k,B)^X_p/q{-K) 

where 

k = —-{tb{JC) — rotfiK,) + l)q + q — 1. 


Put another way, the contact invariant is equal to the image in ho¬ 
mology of the copy of B in X_p/q{—K) that is the target of the map 
Vk ■ {k, As{—K)) B, where s = [|j = —|(tb(/C) — rot(/C) -I- 1). 

Proof. Let Wp/q{K) : —L{q,r) —>■ S^^^{K) be the rational surgery cobord- 
ism of Figure 10 According to Theorem 3.1, the manifold —Wp/q{K) = 


W_p/q{—K) equipped with a spin"^ structure Srobs carries the generator 
ce HF{L{q,r)) to the contact invariant c{f^x/y) ^ h{F{—{S^^^{K))). More¬ 


over 


, by Lemma 3.4 and Corollary|3.6[ Srobs has the property that (possibly 
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Figure 12. 


replacing Srobs by its conjugate) 

<ci(srobs), [<§]> = P + (rot(/C) - tb(/C))g - 1. 

By Theorem 1.3 (c.f. Corollary |5.9[ ), the map induced by Srobs corresponds 
to the inclusion of {k, B) where k is characterized by (ci(srobs)) [5']) — P + 
q — 1 = 2k since we are working on W_piq{—K). The conclusion follows. □ 

3.3. In order to apply the naturality property of reducible open book surg¬ 


eries (Theorem 2.3), and complete the proof of Lemma |3.3| we must verify 
that Heegaard diagrams of the sort in Figure im arising from planar open 
book decompositions {S",(f>") as on the right of Figure]^ are HKM strong: 
that is, the canonical generator for Heegaard Floer homology is the only 
one in its spin'^ structure. This is essentially independent of the rest of our 
arguments, and here we reproduce the relevant Heegaard diagram with more 
natural notation. Figure shows an “embedded” Heegaard diagram de¬ 
scribing the lens space L{xo, xi), where ^ = [ci,..., Cn] and each cj ^ 2 (the 
Heegaard surface should be considered as oriented by an inward-pointing 
normal). As before, the diagram can be seen either as arising from the de¬ 
scription of L{xq,xi) as the result of surgery along a chain of unknots—the 
“embedded” picture—or from the HKM procedure applied to a planar open 
book decomposition. The intersection point v = (ui,..., u„) is the canonical 
generator in the latter description. 

We number the a and /3 curves in the diagram from left to right as shown. 
Observe that each f3j intersects only aj-i, aj, and Oj+i, and has just one 
intersection with each of ctj-i and ctj+i (with obvious modifications if j = 1 
or n). If u 6 Tq, n is a Heegaard Floer generator, write u = (ui, ..., Un) 
where Uj e aj n for a permutation a. We will say that u is a “paired 

generator” if cr(j) = j for each j, and a “non-paired” generator otherwise; 
similarly an individual intersection point between a and /3 curves is “paired” 
if it lies on aj n (3j for some j. Our first observation is that a non-paired 
generator is always in the same spin‘s equivalence class as a paired one. 
Indeed, by the way in which the j3 curves intersect the a’s, it is easy to see 
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that a non-paired generator must have components Uj-i, Uj appearing as the 
intersections marked with squares in Figure [T^ for possibly several values 
of j. For such j there is an obvious quadrilateral in the figure connecting 
Uj-i, Uj with two paired intersection points, namely vj and the intersection 
point marked with an open circle. Hence to determine spin'^ equivalence 
classes of generators, it suffices to consider only paired generators. 

Recall that the difference between the spin'^ structures induced by inter¬ 
section points u, w e To-nT^ is measured by a class e(u, w) e Hi(L(xo, xi);Z) 
that is the union of 1-chains on the Heegaard surface: one traces paths on 
a-circles from the components of u to the components of w, then returns 
to u along the j3 circles. We wish to see that for any (paired) generator u 
distinct from the canonical generator v, the class e(v, u) is nonzero. 

Let u be a paired generator. If Uj is a component of u that is distinct 
from Vj^ we can construct a 1-cycle e{uj) by following aj counterclockwise 
in the diagram from Vj to Uj, then turning right to follow back to Vj. 


Orient the components of the chain of unknots (light grey in Figure 12) 
counterclockwise and write for the oriented meridian of the j-th compo¬ 
nent: then e{uj) is homologous to rj{}i)jij — fij+i, for some integer rj(u) 
with 1 ^ o('^) ^ O ~ coordinate uj coincides with Vj, we set 

e(ttj) = 0. Then we have 

e(v,u) =Y^e{uj) = 


for some coefficients rij satisfying — 1 ^ ^ Cj — 1 for each j. 

To understand the class in Hi{L{xo, xi)]Z) corresponding to this ele¬ 
ment, observe that the linking matrix coming from the surgery diagram is a 
presentation matrix for Hi{L{xo, xi)',Z) in which the meridians 
provide a generating set. This linking matrix is 


-Cl 1 


0 1 

1 -C2 


0 1 

1 


1 

1 

1 

T—1 

_ 1 


Xq Xi X 2 Xn—\ 


where we have applied a sequence of column operations, and the Xj satisfy 
the recursive relations Xn+i = 0, Xn = I and xj = Cj+ixj+i — Xj +2 for 0 ^ 
j ^ n — 2 (c.f. Q). In particular, the order of the homology is xq, and the 
lens space is L(xo,xi). From the second version of the presentation matrix 
we see is a generator for Hi{L{xo, xi);Z) ^ Z/xqZ, and for 1 ^ j ^ n — 1 
we have = Xjjin- Thus in Hi, 



and to see this is nontrivial it suffices to show that 0 < ^ < xq for the 

coefficients rij arising from a paired generator u 7^ v. 
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We have observed already that —l^rij^Cj — l for each j. By considering 
the classes e(ttj) described above, it is easy to say a little more: 

(a) For j ^ 2, we have nj ^ Cj — 2 unless e{uj-i) = 0. 

(b) If e{uj) = 0 then either nj = 0 or = — 1, where the latter occurs 
if and only if e{uj-i) ¥= 0. 

(c) If Tij = —1 for some j, then there exists f < j with nj/ > 0, and 
moreover rij" = 0 for all f < j" < j. 

Claim 1: If e(v, u) = UjXj) Hn as above, then Y^UjXj > 0. 

Since not all rij can vanish if u 7^ v, this is obvious if all Uj ^ 0. Suppose 
jo is the largest index with nj^ = —1; then we have E rijXj > -Xjo- If 

j' < jo is the next smaller index with n^/ > 0 as in point (c) above, then 
^ ~ since the Xj form a strictly decreasing sequence. 

Repeat this argument inductively. 

Claim 2: If ^ njXj is a linear combination of the integers Xj with ni ^ 
Cl — I and rij ^ Cj — 2 for all j > 1, then Y^UjXj < xo- 

To see this use the recursive relations among the Xj to write 

^ (ci - ^)xi + (C2 - 2)x2 H-(Cn - 2)Xn = Xo - Xn < Xq. 

j 

Now suppose e(v, u) = {^njXj)^n- We have just seen that if rij ^ Cj — 2 
for j ^ 2 then e(v, u) 7^ 0 in the first homology of L(xo, xi), while we know 
Uj ^ Cj — I for all j. It is easy to see that if rij^ = Cj^ — I for some jo > 1 then 
necessarily e(ujQ-i) = 0, and hence from point (b) above we know nj^-i is 
either 0 or —1. In the second case we have 

2 njXj = • • • + njQ—2XjQ—2 — xjq—i + {cj^ — l)xjo + %o+i®io+i + ‘ ‘ ‘ 

j 

< ■ ■ ■ + 'n-jfy-2Xjg-2 + rijQ+iXjg+i + • • • , 

where we have used Xj^-i = cj^Xj^ — xj^+i > (cjg — l)xjQ, following from 
the recursion for the xj and the fact that the xj are decreasing. In the last 
expression the coefficients of xj^-i and xjq, both being zero, are no more 
than Cjg-i — 2 and — 2, respectively. 

Suppose jo is the largest index such that nj^ = Cj^ — 1. As we have just 
seen, if the preceding coefficient njo_i = —1, we can bound the sum ^njXj 
by a linear combination of xj in which two more of the coefficients satisfy 
the hypothesis of Claim 2 above, then repeat the argument (a little thought 
shows that the new sum does in fact arise from a difference class e(v, u) for 
some u, but regardless it is clear that the coefficients nj for j < jo — 1 are 
unchanged and therefore still satisfy (a), (b), and (c) above). In the other 
case, that nj^-i = 0, we have e{ujQ- 2 ) = 0 and therefore is also either 

0 or —1. Continuing inductively, we can therefore bound ^ njXj either by a 
combination of Xj that satisfies the hypotheses of Claim 2, or a sum satisfying 
those hypotheses except that for some jo we have ni = 712 = ■■■ = = 0 
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and njg = Cj^ — 1. In the latter case, simply observe 

RjXj = (Cjp — + UjQ + lXjg + l + • • • 

< XjQ — l + TTj'q-I- 1 XjQ-I-1 + • • • 

^ Xl + UjQ + lXjg + l + • • • , 

and since the coefficient of xi is 1 ^ ci — 1, the last expression satisfies the 
hypotheses of Claim 2 and is therefore less than xq. 


4. Proof of Theorem 11.21 


We wish to characterize the conditions under which the inclusion of {k,B) 
in the mapping cone 'K_p^q{—K) induces a nontrivial map in homology, 
where 

k = —-(tb(/C) — rot(/C) + l)q + q — 1. 

Recall that (A:, B) is the target of the maps B and : 

^ B, and we saw in the introduction that 

L q 1 

• n[fc/gj is trivial in homology if and only if both 

v[—K) = —t{K) + 1 and -(tb(/C) — rot(/C) + 1) = t{K). 

• hyyk+p)/q\ i® trivial in homology if and only if 


? > -K-K) + htb(/C) 

q L 


rot(/C) + 1). 


Suppose that |(tb(/C) — rot(/C) + 1) < t{K), so that in particular n[fc/qj 

is surjective in homology. We claim that there is a cycle ae A, k, such that 

Lg-I 

is a generator of Hi^{B), while = 0, which clearly 

shows that the generator of the homology of {k, B) vanishes in the homology 
of X_p/„{—K). To see the claim, recall that A,k, is the subquotient of the 

knot Floer complex typically described as C'{max(i,j — [|j) = 0}. Here i 
and j are the two filtrations on the knot Floer complex CFK‘^{—K); for 
details see [25]. By dehnition of r, there is a cycle a in the vertical complex 
B = C{i = 0} that is supported in C{i = 0,j ^ t{—K)} and generates the 
homology of B. Our assumption says that = —^(tb(/C) — rot(/C) + 1) > 
t{—K), hence a can be considered as a cycle in Ayk^, and since it lies in the 


subcomplex with j < [|j, it vanishes under This proves part (1) of 

Theorem 0 

One implication of part 2(a) of the theorem was proved in the introduc¬ 
tion. For the converse, we must see that ) = 0 when f + tb(/C) = ^ ^ 

X/y' y Q 

2t{K) — 1. By the remark after the statement of Theorem 1.2, it suffices to 
assume ^ = 2t{K) — 1 (this simplihes the arguments to follow somewhat, 
though they go through in general). In particular, we we have q = 1. The 
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portion of the mapping cone near {k,B) now appears as follows, where we 
write f for t{—K), and observe t{—K) + p = — 1: 

Af A-f-i 



Since hg is onto in homology if and only if Vs is onto, which is always true 
for —s ^ f + 1 (recall we are working in the mapping cone for —K), we have 
that h-f-i above is onto. Hence, as long as there is a class a in 
with h-f-i^[a) A 0 and v-f-i^{a) = 0, we see that c(^“) is a boundary 
in X_p/q{—K). We claim this is always the case. Observe there is always a 
cycle y e C{j = —f — 1, i < 0} generating the homology of C{j = —r — 1} 
by definition of r: indeed, this is the “horizontal version” of the statement 
that the homology of the vertical complex C{i = 0} is generated by a cycle 
supported in C{i = 0,j < f + 1}. But such a chain y then clearly determines 
a cycle in that is carried to a generator of homology by and is 

in the kernel of V-r-i- (Note that this argument does not actually require 
e{K) = 1, but we will need to prove stronger vanishing statements in other 
cases.) 

For the remaining cases, the following will be useful. 

Lemma 4.1. A knot K has e{K) = 0 if and only if the chain maps 

Vr ■ B and hr : Ar(^K) ^ 

induce the same nontrivial map in homology (with coefficients in F ). 

Proof. First recall that hg is defined as the composition of the quotient 
map Ag C{j = s}, followed by a certain chain homotopy equivalence 
between the latter complex and B = C{i = 0}. At the level of homology, 
however, there is a unique identification Hi^{j = s) = Hi^{B) = ¥. Since 
we are interested in the map on homology, for the purposes of this proof we 
consider hg to simply be the quotient map to C{j = s}, and leave implicit 
the homotopy equivalence. 

For an integer s, we have the two complexes 

Ag = C'{max(z,j — s) = 0} and A'^ = C'{min(i,j — s) = 0}, 

which are subquotient complexes of the Z©Z filtered knot complex CFK^{K) 
Between these, in a sense, is the vertical complex B = C{i = 0}, and we 
have natural chain maps 

Vg : Ag ^ B and v'^ : B ^ A'^ 

given by a quotient followed by inclusion in each case. We have already seen 
the first of these; the other map is given by the quotient C{i = 0} ^ 
C{i ^ s} followed by the inclusion of the latter as a subcomplex of A(. Both 
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of these maps have interpretations as maps induced by surgery cobordisms; 
Vs is induced by a cobordism Sff{K) for N » 0, while v'^ arises from 

a cobordism S^{K) for N « 0. The invariant e{K) can be defined 

by considering the maps induced in homology by Vg and u' for the value 
s = t{K): 

• e{K) = 1 if and only if v-r is surjective and v'^ is trivial in homology. 

• e{K) = 0 if and only if both Vr and v'^ are surjective in homology. 

• e{K) = — 1 if and only if Vr is trivial and v'^ is surjective in homology. 

It is shown by Horn in [TTj, where the invariant e is introduced, that these 
are the only possibilities for the behavior of Vr and v'^. Moreover, it is always 
true that Vg is surjective in homology for s ^ r + 1 and trivial for s < t{K), 
and v'g is surjective for s' ^ r — 1 and trivial for s > t{K). 

We have a commutative diagram 


HMr) 


F =H^{i = 0) 




K 


HM'r), 


where h'^ is the map in homology induced by the quotient C{j = r} —> 
C{j = r, i ^ 0} followed by inclusion as a subcomplex in A'^. 

Now assume e{K) = 0, so in particular Vr is surjective in homology By 
Proposition 3.6 (2) of [TT] the vanishing of e also implies t{K) = 0, and hence 
by symmetry h-r is surjective as well. If there is a class a e such that 

Vr{a) A 0 while /iT-(a) = 0, the diagram above shows that v'^ is necessarily 
trivial, contrary to the assumption e{K) = 0. Hence ker(/iT-) ker(uT-), and 
since both kernels are codimension 1 in Hi^(Ar) they are identical. Therefore 
the maps in homology induced by Vr and hr are surjective maps to F having 
the same kernel, which proves the forward implication of the lemma. 

For the reverse implication, observe that if e(iF) = — 1 then by definition 
Vr is trivial in homology. Hence it suffices to assume e(iF) = 1, so that Vr 
is surjective in homology, and prove that there is a class a e H^{Ar) with 
Vr{a) A 0 but hr{a) = 0. For this, we recall from |15] another characteriza¬ 
tion of e in terms of “simplified bases” for the knot Floer complexes. 

The knot Floer complex {CFK°°{K),d°°) is Z©Z filtered, which means 
that the chain groups are bigraded and the differential is nonincreasing in 
both gradings. In particular the boundary map decomposes as a sum of 
homogeneous maps, and we denote by d™'’* and the sum of components 
that preserve the first grading or the second, respectively. A filtered basis 
{xi} for CFK°^ is vertically simplified if for each i exactly one of the following 
is true: 
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• When expressed as a combination of basis elements, has ex¬ 

actly one nonzero term. 

• Xi appears as a nonzero term of for exactly one j, and = 

Xi- 

• = 0 , and Xi does not appear in the basis expression of 
for any j. 

There is a similar definition for a horizontally simplified basis. Such bases 
(vertically or horizontally simplified) give rise to bases for C{i = 0} and 
C{j = 0} respectively, with the property that there is a unique basis element 
satisfying the third condition above: this is because both complexes have 
homology F. Such an element is called the “distinguished element” of the 
basis. Horn shows that there is always a horizontally simplified basis for 
CFK°^ with a particular element xq, which is the distinguished element of 
some vertically simplified basis (in general, the latter basis must be different 
from the former). Then the assumption e{K) = 1 is equivalent to the 
condition that this xq is equal to for some Xj in the horizontally 

simplified basis. 

Let {xj} be such a horizontally simplified basis for CFK^ and consider 
the associated basis for A^. We assume e{K) = 1, so that —> 

H^{i = 0) is surjective. By definition of r, a generator of H^{i = 0) lies in 
the subcomplex C{i = 0,j ^ r}, but in a vertically simplified basis such a 
generator is the distinguished element xq. Hence we can consider xq as an 
element of Aj- as well, and we note dA^XQ = = 0 , the last 

equality following from the fact that xq = when e{K) = 1. Thus xq 

determines a cycle in Ar such that Xr;)=[xo] is a generator of F[^{B). On the 
other hand /it-*[xo] is nothing but the homology class of xq thought of in the 
horizontal complex C{j = 0}, which clearly vanishes. The element xq e Ar 
represents the desired homology class o. □ 


We now return to the proof of part (2) of Theorem 1.2, and so assume 
tb(/C) — rot(/C) = 2t{K) — 1. This means that we are interested in the 
image in homology of the inclusion of {k,B) in X_p/q(—iL), where k = 
— 2 (tb(/C)—rot(/C)-|-l)q'-|-g—1 = —qT{K)+q—l. Since k/q = —T{K) + l — l/q, 
we have = —t{K) = t{—K) while = t{—K) + 1. 

First consider the case e{K) = —1. The mapping cone near {k,B) looks 
like 



We have that Vf is onto homology, since e{—K) = —e{K) = 1. By Lemma 
there is in fact a class a e with Vf^{a) ^ 0 and hf^{a) = 0, 


4.1 


proving that c(^^ ) is a boundary in X_p/q(—iL). 
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Finally we turn to the case e{K) = 0. Here t{K) = ^{K) = v{—K) = 0, 


and Theorem 1.2 (2b) is equivalent to the assertion that the contact invariant 
c{^~/y) is nontrivial if and only if the smooth surgery coefficient | = |+tb(/C) 


is nonnegative. For | > 0, the mapping cone reads: 







= II 

L g J 

in homology. On the other hand, Vf is surjective in homology; in fact by 


where s = Since necessarily s > —v[—K), the map hs is trivial 


Lemma 4.1 Vf and hf give the same surjection in homology. Hence any cycle 
in Af that is mapped to the generator c(^f) of homology of {k, B) is also 
mapped onto the generator of homology of {k — p,B), and we conclude only 
that these two generators are homologous in the mapping cone. If p > q, 
then the vertical map to {k — p, B) has domain Ag/ with s' < f, and hence 
is trivial in homology. This shows that c{^~) determines a nonzero class in 
the homology of For general p > 0, a similar argument holds 

with a longer “sawtooth” picture demonstrating the nontriviality of 
If p < 0, the diagram above becomes 




{k-j\p\,B) 










where we choose j to be the smallest integer such that — 1. 

In particular, all intermediate complexes A k-ji\p\, are copies of Af. Since 

L q J 

= r = v[—K) = 0 the vertical map to {k — j\p\, B) is trivial in homology, 
while the map labeled hj is a homology surjection. The remaining solid 
arrows in the diagram are surjections in homology having the same kernel 
at Af , given our assumptions and Lemma |4.1[ It follows easily that the 
homology generator of {k,B) is trivial in the homology of IF). 

Finally for ^ = 0, the only maps in iF) interacting with (fc, B) are 

Vf,hf : Af B. These are nontrivial, but give the same map in homology 


by Lemma 4.1 —hence their sum vanishes in homology with coefficients in F, 


and the class determined by the homology generator of {k,B) is nontrivial 
in the homology of X_p/g{—K). 


This completes the proof of Theorem 1.2 
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5. Rational Surgery Mapping Cone 


In this section we describe the proof of the second part of Theorem 1.3 


and along the way prove some facts that were used at isolated points in 
the preceding. This section is nearly independent of the rest of the paper, 
and follows lines that will be familiar to experts; we assume a reasonable 
familiarity with Heegaard Floer theory as in 


5.1. Rationally nullhomologous knots. Let M be a compact oriented 
3-manifold with connected boundary diffeomorphic to a torus. It is a stan¬ 
dard exercise that the inclusion induces a homomorphism Hi{dM]'L) — > 
Hi [M ; Z) with kernel isomorphic to Z, and hence up to orientation there 
is a unique isotopy class of simple closed curve v a dM and integer c > 0 
such that c[p] generates this kernel. We can find a curve rj a dM dual to 
p, and we orient p and rj such that, with the natural orientation on dM, 
the intersection number u.r] is -|-1. It follows that r] represents a class in 
Ri(M;Z) of infinite order. 

Let Y be the closed 3-manifold obtained by Dehn filling of M along a 
curve /i homologous to sp -I- trj, for relatively prime s, t with t > 0 and 
s ^ 0. Observe that Hi{Y) = Hi{M)/[ij]. The core of the filling torus gives 
rise to a knot K ^ Y, whose homology class we can describe as follows. 
Choose integers s', t' with s't — t's = 1; then a longitude of K is given by the 
curve A = s'v + t'r]. It is now easy to see that K is rationally nullhomologous 
in Y, of order q := ct. 

Turning this around, if iL c T is a knot that is rationally nullhomolo¬ 
gous of order q, then there is a well-defined isotopy class of curve p on the 
boundary of nbd{K) and an integer c > 0 dividing q such that cp represents 
a generator of the kernel of the map on homology induced by the inclusion 
dnbdK M = Y — nbdK. Likewise, we have a canonically-determined 
meridian ^ of K with p./r = t := q/c on dM. 

We have some choice in selecting a longitude A for K, in that any curve 
of the form X + kfi is also a longitude. On the other hand, for given A we 
can write u = tX + rfj, for some uniquely determined r. Hence, a canonical 
longitude Xcan for K is specified by requiring 

u = tXcan + ffi where 0 ^ r < t. 

Observe that while there is some ambiguity in the choice of r] in the discus¬ 
sion above, if the pair (Y, K) is given (with K rationally nullhomologous of 
order q), then the meridian n and the curve p on d{nbdK) are canonically 
determined, and the canonical longitude Xcan is then uniquely specified by 
the equation above. 

Using n,Xcan as coordinates for d{nbdK) we can consider an integer 
(“Morse”) surgery on K with surgery coefficient m. Equivalently, the surgery 
Yra{K) is given by Dehn filling of M along the curve Xcan + 
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Lemma 5.1. The natural 2-handle cobordism Wx^^„ ■ Y —> has 

H 2 {Y;'Z,) ^ Z, generated by the homology class of a surface 
Sx^^„ having self-intersection —qcr. 

More generally, the second homology of the surgery cobordism correspond¬ 
ing to Xm = Xcan + mfj. is generated by the class of a surface Sx„^ with 
self-intersection q{mq — cr). 

This can be proven by examining the exact sequences for the pair {Wx„, , Y) 
and the triple (Wx^, dWx„,, Y), or by a direct geometric construction of the 
surface Sx^- either case the key observation is that in Yx^ the induced 
knot (the core of the surgery) has order | c{mt — r) | in homology. 

Remark 5.2. The integer c is called the “multiplicity” of K by Baker- 
Etnyre [T] and is equal to the number of boundary components of a rational 
Seifert surface for K. It is not hard to check that the quantity cr appearing 
in the Lemma is equal modulo q to the intersection number between a pushoff 
of K and its rational Seifert surface, i.e., it is essentially the numerator of 
the Q/Z valued self-linking of [iiT]. More precisely, if I is the representative 
in [0,1) of Ikq/ziiK], [K]), then cr = qi. 

Now fix a framing A = Am for the rationally null-homologous knot K <^Y. 
It is easy to see that the surgery cobordism Wx has H 2 iWx,Y-,'L) ^ Z, 
generated by a relative cycle [Fx] (represented by the core of the 2-handle), 
and moreover we can arrange that under the natural map t : H 2 {Wx) —> 
H 2 {Wx,Y) we have 

(9) l{[Sx]) = q[Fx]. 

Hence for a class a e H‘^{Wx), we can define an evaluation of a on [Fx] by 

(a,[Fx]} = \a,[Sx])eq. 

q 

Similarly, we have a rational number 

[Fx].[Fx] = 

In particular if A = Am as above, then [Fa].[T\] = (mq — cr)lq. 

Remark 5.3. Strictly, we should work with an oriented knot K. Then 
longitudes and meridians are taken to be oriented by standard conventions; 
likewise the surface Sx inherits an orientation from a rational Seifert surface 
for K. While we are mostly interested in the case that Y is a rational 
homology sphere, for the general case we suppose a choice of rational Seifert 
surface has been fixed once and for all. We stick with these conventions 
henceforth, but without further mention. 

Now let (S, OL, P, w, z) be a Heegaard diagram adapted to the knot K Y. 
Recall that this means /3g corresponds to a meridian of K, and the basepoints 
w and z lie to either side of fig. Choose any framing A for K, and consider the 
corresponding set of attaching curves 7, all obtained by small Hamiltonian 
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translation of the {3 curves, except that 7g represents the framing A (this 
conforms to the usual conventions of the theory, but reverses the role of 7 
and /3 curves as compared to Section]^. For any Heegaard Floer generator 
X 6 Ta n , we define a rational number 

/(x) = <ci(s^(V')), [Fx]} + [Fa].[Fa] - 2(n^(V’) - n^('!/’)). 

Here V’ ^ 7r2(x, 0^.y, x') is any triangle connecting the generator x to some 
intersection point x' 6 Tq, n T.y. 

Lemma 5.4. The function /(x) is independent of the choice offj, x', and 
X, i.e., it depends only on x. 

This was essentially proven by Ozsvath and Szabo |29[ proof of Lemma 
4.6]. We reprise and expand their argument. 

Proof. Note that by introducing a trivial winding of jg around ftg we can 
always arrange that a given intersection point x e Tq n is connected by 
a (small) triangle to some point x' e Tq n T^. 

Now fix A = Am- Since H2{Wx)/H2{Y) ^ Z is generated by [Sa], there 
is a triply-periodic domain Vs in (Z, a, /3,7, w) representing this generator. 
We can determine the coefficients of Vs in regions of S near fdg as follows. 
Observe that if fig is replaced by the curve u, we obtain a Heegaard diagram 
describing the result of Dehn filling Y — nbd K along the torsion curve v. In 
particular, the first Betti number of this filling is one more than the Betti 
number of Y . Hence, there is a (doubly) periodic domain in the diagram 
(Ti,ot,u,w) containing ly with multiplicity c in its boundary, corresponding 
to a rational Seifert surface for K. On the other hand, since v = tXcan+rp. in 
homology, by replacing v hy a concatenation of copies of A = 7^ and p. = fig, 
we can construct a triply-periodic domain in (S, q,/3, 7, tc) representing Sx 
and containing jg with multiplicity q and fig with multiplicity mq — cr in its 
boundary. See Figure [T^ 

To see that /(x) is independent of the choice of triangle xf e 7r2(x, 0/3^, x') 
(for x' fixed), observe that two such triangles differ by a triply-periodic do¬ 
main (up to a multiple of the Heegaard surface, which clearly does not affect 
/). Thus it suffices to assume xp' = xf + Vs- The values of / corresponding 
to xf and xf' then differ by the quantity 

{2PD[Vsl [Fa]> - 2MVs) - n,{Vs)). 

Using Lemma [5.1 [ and considering Figure [T^ we have that both terms above 
are equal to 2 {mq — cr). 

Now consider the effect on /(x) of replacing x' by another intersection 
point x" such that s^(x") = s^(x'). Then there is a Whitney disk (f e 
7r2(x',x"), and given xf' e 7r2(x, O^..,,, x'), we can construct a triangle xf" e 
7r2(x, O^..),, x") as xf" = xf' + cf. But this adjustment does not affect Su,{xf') 
and hence the first term in /(x) is preserved. The second term is not affected 
by choice of xf, while the third is invariant since xf' and xf" have the same 
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Figure 13. Heegaard diagrams near the meridian curve f3g, 
where the top and bottom of each diagram are to be iden¬ 
tified. Top, the torsion curve u is shown together with co¬ 
efficients of a periodic domain containing u c times in its 
boundary. Away from the pictured region, u is taken to be t 
copies of the longitude Xcan (not shown). Bottom, the longi¬ 
tude Am = Xcan + with coefficients of the corresponding 
triply-periodic domain. Away from the picture, the coeffi¬ 
cients agree with those in the upper diagram, after collapsing 
the parallel copies of Xcan that comprise u. Note that there 
may be additional a-curves appearing, parallel to the one 
shown. 

boundary in T^. Therefore, given A the function /(x) depends at most on 
the spin'^ structure 

It is now clear that we can adjust 7^ = A by an isotopy without affecting /. 
Thus, we introduce sufficient trivial winding of 7^ around j3g (c.f. [23 Figure 
2]) such that the following holds: any spin'^ structure represented by an 
intersection point in ¥„ nT.^ that is connected by a triangle in (S, a, { 3 , 7 , w) 
to a generator in Tq n T^, is also represented by an intersection point that 
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Figure 14. The region near fig in Figure 13 (bottom), af¬ 


ter winding. Chosen orientations on a, fi, and 7 curves are 
indicated, with some coefficients of Vs- 


is supported in the winding region. (This is possible since any two spin'^ 
structures in Y\ cobordant to a given s e spin'^(y) differ by a multiple of the 
Poincare dual of the meridian of K.) 

Hence, to examine the dependence of /(x) on the spin‘s structure s^(x'), 
it suffices to consider two generators x',x" e Tq, n T.^, both supported in 
the winding region and differing only in their component on 7^. Moreover 
we can suppose these components are as pictured in Figure 14 Finally, we 
can assume that x' and x" are connected to x by a “small triangle,” i.e., for 
i ¥= g, the component of x' (and x") on 7* is the canonical “closest point” to 
the corresponding component of x under the Hamiltonian isotopy between 
fii and 7*. 

Letting if' and if" be the small triangles corresponding to x' and x" 
respectively, we consider the difference /(x, if") — /(x, if'). Clearly [Fa].[Fa] 
is unchanged, while 

{nw{if") - nz{if")) - {nw{if') - nz{if')) = - 1 . 


Recall that there is a method to calculate the evaluation of ci (5^,(1/’)) on 
[S'a] from the Heegaard diagram, summarized by the formula 

(10) <ci(s^(iA)), [5 a]> = x{Vs) - 2n^{Vs) + #dVs + 2a{if,Vs). 


We review the definitions of the terms in this formula as we go along, but for 
the moment observe that the only term on the right hand side that depends 
on if is the “dual spider number” a{if,Vs)- This quantity is obtained by 
considering small left-hand pushoffs o', fi', and 7' of each a, (i, and 7 curve, 
according to a chosen orientation on these curves (the dual spider number 
is independent of this choice). Take arcs a, b and c in the 2-simplex A that 
is the domain oi if : A ^ Sym^ifV), where a, b, c connect a basepoint p e 
int{A) to the a, /3, and 7 boundary segments of A, respectively. Identifying 
these arcs with their image 1-chains in S, we have 


(^ii^i'Ps) = n^{p){'Ps) + {da''Ps)-a + {dp'Vs)-h + {d^'Vs)-c 
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Figure 15. Invariance of /(x) under change of framing. 
Shown is the region of Figure 13 (bottom) near j3g after one 
winding, before and after a change of framing. The coef¬ 
ficients of the triply periodic domain are shown, after sub¬ 
tracting mq — cr copies of the Heegaard surface for conve¬ 
nience. 


With conventions indicated in Figure 14, and taking p to be near the /ly 
corner of A, we hnd that in the difference a{'ip’\Vs) — cri'4’'j'Ps) only the 
terms involving {da''Ps)-a remain. Each intersection of the arc a with the a 
curve in the diagram contributes —q to this quantity, and we get one more 
such contribution from ip" than from ip' . Hence 


Therefore 


<ci(s^«)), [5 a]> - <ci(s^„(i/;')), [S\]) = -2q. 


(ci{sw{ip")), [Fa]> - <ci(su,(V''))> [-^a]> = -2, 


which cancels the difference in the term —2{nw{ip) — nz{ip)) in /(x). Thus, 
/ is independent of the choice of xb 

Finally, we must see / is independent of the framing A. In light of the 
preceding it suffices for this to consider the diagrams of Figure|15| in which a 
given framing A is replaced by X — p. We can consider the smallest triangles 
in each diagram and assume the points of x' and x" agree away from the 
portion of the diagram indicated in the figure. From Lemma 5.1, the term 


[Fa].[Fa] decreases by 1 from the left to the right side of the figure. Clearly 
the small triangles have = 0, so we turn to the Chern class term. 

Referring to ( [l0| ), the Euler measure x{Vs) is dehned by 

M'Ps) = X!^*(a;(A) - j#(corners in A)) 


if the domain Vs is expressed as a linear combination of domains 

(closures of components) of S — (q:,/ 3,7). It is easy to see, using the fact 
that the domains Vs^ and Vs)^_^ on the two sides of Figure 15 agree in the 
portion of S not pictured, that this term is unchanged on replacing A by 
X — pL. Likewise, we’ve arranged that riwipPsy) = nwipPs),_ ) = 0. 
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The term in (10) denotes the coefficient sum of all terms in dVs, 

expressed as an integer linear combination of a, (5, and 7 curves. Easily, 


#dVs, - #dVs,_, = -q, 

coming just from the contribution of the term /3g. For the dual spider 
number, we find 

(^{'^','Ps^) - = -q0-b + n^{x){Vs^ - 'Ps^_^) = 0 . 

Adding these contributions to the Chern class term and dividing by q as 
before, it follows that /(x. A) = /(x, A — /r). 

□ 


5.2. Surgery exact triangle. The proof of Theorem 1.3 is based on a long 
exact sequence relating the Floer homology groups of manifolds obtained by 
different surgeries along a knot K, and in particular the deduction of part 
2 of the theorem is based on an analysis of the maps in this sequence. We 
recall the construction of this surgery exact sequence, following [28] and [29| . 

As before, consider a rationally null-homologous knot AT T, and an 
adapted Heegaard diagram {T,, a, (3,w) where /3g = ^ is a meridian of K. 
Fixing a framing A for K and an integer m > 0, we can produce Heegaard 
diagrams 


• (T,,a,‘y,w) for the surgery Yx{K) where 7^ is a small translate of 
f3j except that 7^ = A. 

• {Y,ol,5^w) for Yx+rnfiiK), where 5j is a translate of /3j except that 
6g = X + mfi. 

To condense notation, fix a basepoint p e f3g such that w and z are joined 
by an arc only intersecting Pg transversely at p, and not intersecting any 
other curve in the diagram. For a domain "P in a Heegaard diagram as above 
we write mp{dV) for the multiplicity with which the portion of dV on /3g 
crosses p: equivalently, we set mp{dV) = n^(P) — nz{V). Next define a 
twisted Floer chain complex for Y generated by intersections between the 
tori Tq, and T/? in Sym^(S), with coefficients in the ring F[Cm] where Cm is 
the cyclic group of order m. We think of this as F[C'm] = F[r, T^^]/(l—T™-). 
The boundary in this chain complex is 


5(f7"*x) = 2 

0G7r2(X,y) 


Since K is rationally null-homologous the homology is actually untwisted: 
there is an F[Cm] chain isomorphism 

e : CF+{Y,¥[Cm]) - CF+{Y)0¥[Cm] 


given by 

0(x) = x0r™p(‘^xxo) 

where xq denotes a chosen intersection point (in each spiffi equivalence class) 
and (()xxo is a fixed choice, for each x e Tq, n T^, of a disk connecting x 
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to xq. Note that we are free also to multiply 0 by a fixed power of T if we 
choose. 

Now, in this situation there is an exact triangle 
HF+{Y^) - 


HF+{Y,¥[C^]) 

The maps in this triangle are induced by chain maps defined as follows: first 
note that (S, 7, 5) describes the connected sum of L(m, 1) with x S"^. 

We fix a “canonical” intersection point ©.^,5 e T.^ n ¥,5 (adjacent to the 
basepoint). Then 

(11) /i(x)= 2 

^ew2{X,0^s,y) 




For the maps involving the twisted Floer group, we have 

(12) /2(y) = 2 

tpeTT2{y,e5i3,v) 

and 

(13) /3(rw) = 2 

T/jG7r2(V,0^^,X) 

mp(d'4’)=—s mod m 


where ©5^3 and are the usual canonical intersection points. 

Ozsvath and Szabo’s proof of the exactness of the triangle implies that 
CF^{Y\) is quasi-isomorphic to the mapping cone of /2. In particular the 
map 

CF+{Yx+m^.)®CF+{Y,¥[Cm]) - CF+{Yx) 

given by (a, 6) >—> fsib) + /12(a) defines a quasi-isomorphism Cone{f 2 ) —> 
CF'^(Yx), where /12 is a null-homotopy of /a o /2. It follows that the com¬ 
position of this quasi-isomorphism with the map in homology induced by 
the natural inclusion CF '^(Y, F[Crt7,]) ^ Cone{f 2 ) is just the map /a in the 
surgery triangle. 

On the other hand, the map /a (and all the maps in the triangle) can be 
identified with homomorphisms induced by cobordisms, as we now explain. 
Consider the natural 2-handle cobordism W\ : Y —>■ Yx, equipped with a 
spin'^ structure s. The corresponding homomorphism on Floer complexes 
CF~^(Y) —> CF'^iYx) is defined by a count of holomorphic triangles in 
{¥ 1 , 0 ., P,^,w) analogously to (13), without reference to T or s, and where 
the sum is over homotopy classes of triangle whose associated spin'^ structure 
is exactly 5. 
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Lemma 5.5. For a given integer s, let rjs denote the restriction of 6 ^ to 
the summand CF'^fV) cz CF'^{Y) 0F[C'm]. Then the composition 

hop,-. CF+{Y) ^ CF+(y) 0r* ^ CF+(y) 0F[C^] ^ cf+{Yx) 

is equal to the sum of the homomorphisms induced by those spin‘s structures 
on Wx represented by homotopy classes of triangle xf having 

mp{dxjj) — mp{d(px.-x.Q) + s = 0 mod m. 

In particular, the set of such triangles constitutes a union of spin‘s equiva¬ 
lence classes. 

Proof. From the definition of 0, it follows that p, ■ CF~^(Y) CF'^fY, F[C'm]) 
is given by 

r?,(x) = r""™p(^'^xxo)x. 

Hence the composition is given explicitly by 
hop,{x.)= ^ 

'0e7r2(X,e^^,y) 

iTip{dip)^mp(d(l}x.'X.Q)~^ mod m 

Thus we need only verify the last statement. 

For this recall that triangles V’ ^ '^2(x, 0/3-,,, y) and xp' e 7r2(x', 0^.y, y') 
induce the same spin*^ structure on Wx (they are “spin'^ equivalent”) if and 
only if = V’ + fap + (pa-y for some disks (pajS £ 7r2(x',x), (pa-y e 7r2(y,y^ 
in the indicated diagrams. (In principle a disk cpp-^ could also appear, but 
here xp and xp' are assumed to have corner on Qg-y. Hence such a disk is 
a (/3,7)-periodic domain, up to multiples of the Heegaard surface. Both of 
these have no boundary on fig hence their boundary has mp = 0.) Since 
the basepoint p is on fig, we have mpfdpa-y) = 0. Additivity shows that if 
rupfdxp') — xnp{d(px/xh + •? = 0 mod m then modulo m, 

0 = rupidxp) + mp{d(pap) - mp{d(pxixo) + s 

= rupidxp) - mp(d(0x'xo “ Pap)) + s 

But (/>x'xo “ Pap is a disk connecting x to xq and while it need not be the 
same as Pxxq, we observe that since the knot is rationally null-homologous 
the value of mp vanishes for periodic domains in (S, a, (3, xv). Hence we can 
replace px'xo ~ Pap by pxxg in the above and the conclusion follows. 

□ 


In a similar vein, we have: 

Lemma 5.6. Let Og '■ CFf^ {Y,¥[Cm]) CF^{Y) denote the composition 
of 9 xvith the projection to the coefficient of . Then the composition 

egoh-.CF+{Yx+m^.)^CF+{Y) 

is equal to a sum of maps induced by the 2-handle cobordism Yx+myi Y 
equipped xvith the spin^ structures represented by triangles xp in the diagram 
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(S, Q, (5,/3, w) such that 

mp^d'ij}) + mp(5(/)xxo) = s mod m. 

Proof. Again, the point is that the assignment V’ rnp{d'ip) + mp(5(/>xxo) ^ 
Z/mZ descends to spin'^ equivalence classes. Writing if' = ip + (p^s + (paP as 
before, note that this time (pap c 7r2(x, x') rather than 7r2(x',x). Hence 

mp{dip') + mp(5(/)x'xo) = mp{dip) + mp{d<pap) + mp(5(?ix'xo) 

= 'mp{dip) + mp{d(pyiyio) 

by analogous reasoning. □ 


Explicitly, the last lemma says that 

0of2= 2 


3eSpin^(IUA + mM) 

Z/mZ is induced by ip 




mp{dip) + mp(5(/>xxo) 


where m : spin'^(WA+m^) 
as above. 

We now use the results from the previous subsection to relate the spin'^ 
structures on the various surgery cobordisms relevant to the surgery triangle 
to one another. According to Lemma 5.5, for given s the composition o 
r]s : CF^iY) —> CF'^iY\) is given by the sum of homomorphisms induced 
by spin‘s structures on W\ represented by triangles ip such that mp{dip) — 
Rip(5</>xxo) + s = 0 mod m. For such ip we have 

<ci(s^(V')), [-^a]> + [^a]-[Ea] = /(x) + 2 mp{dip) 

(14) = /(x) + 2(mp(a0xxo) - 'S) m. 


A similar statement is true for the triangles counted in the composition 
0 s° f 2 , except that in this case we consider the cobordism YA+mp Y" given 
by —WA+m/ij and triangles are in the diagram (E, a, S, /3, w). If ipm is such 
a triangle, the triangle ipm = —lAm obtained by negating the coefficients of 
1 pm is a triangle we can use to compute /(x), and in particular we have 


/(x) = <ci(s^(V^,„)), [Fa„,]> + [Ea„,].[Fa,„] - 2 mp{dipm) 

= {ci{sy,{ipm)), [Ea^]> + [-?^A™]-[Ea,„] + 2 mp{dipm) 

According to Lemma |5.6[ Og o is given by the sum of maps counting 
triangles ^m satisfying mp{dipm) + RT.p(5</>xxo) = ® mod m. Hence (14) 
becomes 


<ci(s^(i^)), [Fa]> + [Fa].[Fa] = <Cl(s^(IA„^)), [Ea„,]> + [FxJ.[FxJ 

(modulo m). One way to view this result is to note that for any framing on 
K, the spin^ structures on the corresponding surgery cobordism W, which 
extend a fixed spin'^ structure on Y, can be labeled uniquely by the rational 
numbers (ci(s),[F]) + [F].[E] where [F] is the generator of F[ 2 {W,Y) as 
usual. We have seen that the inclusion of CF'^fY) as the coefficient of T* 
in the mapping cone of /2 corresponds to a map induced by spin^ structures 
on Wx- The above says that the coefficient of is also the target of 
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maps induced by spin*^ structures on W\+rn^l equipped with spin'^ structures 
having the same labels (modulo m) as the ones on Wx (but thought of as on 

^\+rafj) ■ 


5.3. Rational Surgeries. We now consider the situation of a knot Kq c 
, and the formula deduced by Ozsvath and Szabo for the Heegaard Floer 
homology of a 3-manifold obtained by rational surgery on Kq . We write p/q 
for the surgery coefficient, where henceforth p/q is in lowest terms with q > 0. 
In [2^ it is pointed out that the surgered manifold S^^^{Kq) can be obtained 
by an integral (“Morse”) surgery on a rationally null-homologous knot K 
in a lens space. Here we adopt slightly different conventions from those in 
[29] : write p = mq — r for 0 ^ r < q, and consider the knot described 
as the meridian of the surgery curve in (here U is the unknot in 

S^). Sticking with contact topology conventions, = —L{q,r). If we 

let K = then an integral surgery on K gives rise to Sp^^{Ko), 

in particular the relevant surgery has framing m in the obvious surgery 
diagram. Note that in this situation K is rationally null-homologous of 
order q and admits a rational Seifert surface with connected boundary, and 


therefore (in the notation of Section 5.1) has c = 1 and t = q. Moreover, 
it can be seen that our use of the symbols m and r here is consistent with 
that previously, in the sense that the framing on K that yields S^^^{Kq) is 
^can “f Tflfi. 

Now, for sufficiently large integral framing A on a rationally nullhomolo- 
gous knot K, the groups HF{Yx{K),i) become standard, i.e., independent 
of A in an appropriate sense (c.f. [23 Section 4]). In particular this holds for 
the knot Kq cz S^, where it is known [25] that for sufficiently large framings 
N there is an isomorphism 


(15) 


'^■.CF{S%{Ko),s)^A,iKo). 


Here As{Kq) is a certain subquotient complex of the knot Floer chain com¬ 
plex described as Ag = C=f{max(i,j — s) = 0} (c.f. |25l Theorem 4.4]). 
It would be appropriate to write Ag for this complex, but since we will 
have no need for other variants (e.g.. A '/), we omit the extra notation. On 
the other side, CF{Sf^{KQ),s) indicates the Floer chain complex in a spin'^ 
structure—indicated by s e Z—characterized by the property that it is the 
restriction of a spin'^ structure on the corresponding surgery cobordism 


satisfying (ci(Ss), [S’Ar])-!-= 2s. Also relevant for us, the isomorphism (15) 


is realized by a count of holomorphic triangles in a Heegaard triple-diagram 
(S, Q, 7, /3, w, z) describing the surgery cobordism —Wn connecting S//{K) 
to . The relevant set of triangles comprises those inducing the given spin'^ 
structure s on the surgery, and which could in principle induce many spin'^ 
structures on —Wn all differing by multiples of A^[S], but for sufficiently 
large N only one of these can contribute to the stated isomorphism. 
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Figure 16. A diagram for integer surgery on A' = Ko^Oq^^- 
The lens space summand appears on the right, where dg+i is 
shown as a {q, r) curve intersecting Pg+i in points xq, ... Xq-i. 
Coefficients for Vg are shown; note that ^g+i does not appear 
in dVg. 


Turning to the rationally null-homologous knot K = Ko^Oq/r, recall that 
combining the Kiinneth principle for knot Floer homology with the large- 
surgery result just mentioned, and observing that the knot Floer theory 
for Oq^r is essentially trivial, we find that for sufficiently large framings A 

on K there is an isomorphism CF(Yx{K),i) = As{Kq) for some integer s 
depending on the spiffi structure t e spm'^{Yx{K)) (see [29], Corollary 5.3 
and the proof of Theorem 1.1). Our aim is to determine the relationship 
between t, as specified in terms of the surgery cobordism —Wx ■ Yx{K) —> 
—L{q,r), the integer s, and the mapping cone formula for rational surgery 
deduced in [29] as a consequence of the surgery triangle described above. 

We begin by comparing the Heegaard triples for integer surgery on Kq a 
and for integer surgery on —L{q,r). To avoid confusion let us 

now write Wx for the surgery cobordism S^{Ko), and decorate the 

“rational version” with tildes, as : —L{q,r) —>■ Yj^{K) with A a framing 
on K. Starting from the Heegaard diagram for Oqj^ described in |29L Proof 

of Lemma 7.1], we can form a triple diagram describing —Wj^ by connected 
sum with a corresponding diagram for Wx'- c.f. Figure [Tg] 

Thus (E, Q, 7 , /3, u), z) describes the cobordism Wx, while (S, a, 7 , /3, w, z) 
corresponds to the diagram after connected sum with —L{q,r) and repre¬ 
sents W^. (Here S denotes the connected sum of S with a torus.) We let 
j3g, 'jg be the curves appearing in the triple for Wx, depicted in Figure 
while /3g+i, %+i are the indicated “extra” curves in the diagram for W^. 
Fix an intersection point x 6 Tq, n T..,,, and suppose Xj e jg is the component 
appearing in the figure. There are q distinct lifts of x to a generator in 
T 5 n T^, with components x* (0 ^ i ^ g — 1) on Pg+i- Correspondingly, 
for a “small triangle” ijjj with corner on Xj in (S, q;, 7 ,/ 3 ), there are q small 
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triangles in (S, a, 7 ,/3). In each diagram we can find a triply-periodic 
domain, Vs and "Pg, representing the generator in second homology of Wx 
and respectively. 


Lemma 5.7. We have the following relation between the Chern numbers of 
the triangles tpj and : 

[Ps]} - [PsJ) = q + r -l-2i. 

Proof. The coefficients of the triply-periodic domains are indicated in Figure 
[Thl From there the calculation is an exercise with the Chern class formnla 
along the lines of those in Section [5.1[ □ 

Corollary 5.8. Let tfc e spin^{Y^{K)) (for A = Xn = Xcan + Nfi sufficiently 
large) be the spin^ structure obtained as the restriction of Sk e spin'^fW^) 
characterized by 

<ci(Sfc), [S-^]} + P + q - I = 2k, 

where [5^] e H 2 (W^;Z) is a generator as previously, and P = Nq — r. Then 
there is an isomorphism 

CF{Y~^{K),tk) = As{Ko), 

where s = [|J ■ 


Proof. Let x be a generator in (T,,a,^,w). We can write x = Xj x Xi 
for some i, where Xj e Tq, n is a generator for large integral surgery 
on Kq cz S^. The identihcation (15) is realized by counting triangles in 
that are spin‘s equivalent to the evident small triangle ifj 
connecting Xj to its corresponding generator y e Tq n . 

Likewise, if t = s^(x) then the corresponding large-surgery identification 
CF{Y^,i) ^ A^{K) (for some relative spin‘s structure ^ 6 spin'^(—L(q, r), K)) 
involves a connt of triangles spin'^ equivalent to the small triangle fj^i. 


By the Kiinneth theorem for the knot Floer chain complex, we have an 
identification A^{K) = As{Kq). Now s is characterized by the equation 
(pi{sw{f)j)), [iSat]) -I- = 2s. From the lemma. 


<Cl(s^„(V^J■^)), [5^]> = q{ci{su,{'iljj)),[SN]) +q + r-l-2i 

= 2sq — Nq + q + r— l — 2i 
= 2{{s + l)q - {i + 1)) - P - q + 1 


showing {ci{sw{f’j,i)), + P + q — I = 2k, where k = {s + l)q — {i + 1). 

Since 0 ^ i ^ q — 1, it follows that s = [|j, while t is the restriction of 
S-w 

□ 


Corollary 5.9. Iflip/q{Ko) is the rational surgery mapping cone for Kq cz 
S^, then the map in homology induced by the inclusion 

ik,B)^Xp/qiKo) 
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corresponds, under the identification = HF{S^i^{Kq)), to the 

map in Floer homology induced by the 2-handle cobordism W : —L{q, r) —> 
S^I^{Kq) equipped with the spin‘s structure Sk characterized by 

<ci(sfc), [S]> + p + q - 1 = 2k. 


Proof. It suffices, by the truncation arguments in [2H], to prove a corre¬ 
sponding statement in the context of the surgery exact triangle. Indeed, 
the cone complex Xp/q{Ko) is the limit of the cone of /2 : CFiYx+Mfi) —> 
CF(Y,¥[Cn]) as N increases. We saw previously that for a rationally null- 
homologous knot K Y = —L{q,r), the inclusion of i? = CF(Y) as 
the coefficient of corresponds to a map induced by W with a certain 
spiffi structure. The mapping cone is set up in such a way that the coeffi¬ 
cient of becomes (after the truncation argument) the target of the map 
Vs ■ {k, As{Ko)) —> {k,B) where s = [|j. This map, in turn, is induced 
by the surgery cobordism: we have a commutative diagram (combining the 
proofs of |29l Theorem 4.1] and Corollary |5.8| ): 

^(S’5/^(Ko),tfc) ^(-L(g,r),Sfc) 

4' 


As{Ko) 


B. 


Therefore, from the remarks at the end of the previous section, we know 
the spiffi structure inducing the inclusion map and the one inducing Vg have 
the same “label” (the value of the Chern number plus the square of the 
generator in relative homology). Let us write ILa„ : —L{q, r) —> for 

the surgery cobordism, where p = mq — r, while —Wx^ : ^ —L{q,r) 

denotes the large-surgery cobordism turned around (with P = Nq — r). If 
5a e spiffi(ITA„) has 

{ci{5a)AFxJ)+[FxJ^ = a, 
we can write = m — ^ by Lemma 


5.1 


Then the map induced by Sa 
corresponds to the inclusion of B in the mapping cone as the target of the 
map induced by the spin‘s structure 5a having the same label, i.e., having 

<ci(Sa),[TAj^]> + = a. 

Since [Taj^]^ = N — we can say 

qa = (cifsa), [Sajv]) + Nq-r = <ci(Sa), [5 a,„]> + mq - r. 


Hence, 


<Ci(Sa), [5'ajv]> + P + q-l= <Cl(Sa), [Sx^]} + p + Q - 1 
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SO that the convention determining the index k in the mapping cone Xp/g(Ko) 
agrees with the identification between the large-surgery complexes A^(K) 
and As(Ko) obtained in the previous corollary. 

□ 
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